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Abstract 



We study spectral asymptotics and resolvent bounds for non-selfadjoint per- 
turbations of selfadjoint /i-pseudo differential operators in dimension 2, assuming 
that the classical flow of the unperturbed part is completely integrable. Spectral 
contributions coming from rational invariant Lagrangian tori are analyzed. Esti- 
mating the tunnel effect between strongly irrational (Diophantine) and rational 
tori, we obtain an accurate description of the spectrum in a suitable complex 
window, provided that the strength of the non-selfadjoint perturbation ^ h (or 
sometimes ^> /i^) is not too large. 
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1 Introduction and statement of the main results 

The present paper is the second one in a series of works dealing with the spectral 
analysis of small non-self adjoint perturbations of semiclassical selfadjoint operators in 
dimension 2, whose classical flow possesses invariant Lagrangian tori. This study has 
been initiated in a previous work of the authors together with San Via Ngoc [18J, where 
the distribution of eigenvalues coming from the invariant tori satisfying a Diophantine 
condition had been analyzed. The original purpose of this paper was to study the 
contributions to the spectrum that come from the tori that are rational — in fact, we 
shall also consider more general configurations, with both Diophantine and rational tori 
occurring. In this situation, under suitable smallness assumptions on the strength of the 
non-selfadjoint perturbation, we show that, in certain rectangles in the complex spectral 
plane, the spectrum, up to a small error, agrees with the union of the contributions 
coming from each of the invariant tori in question. The quasi-eigenvalues coming 
from the Diophantine tori can be computed individually, modulo 0{h°°), and form a 
superposition of a finite number of slightly distorted lattices, while the rational region 
contributes in a negligible way when compared to the Diophantine one, already at the 
level of the counting function asymptotics — see Theorem 1.1 and the remark following 
it, for a precise statement. 

In the semiclassical spectral analysis of non-selfadjoint operators in dimension 2, 
the work [25] elucidated the role played by certain flow invariant Lagrangian tori in 
the complexified phase space, and showed how the latter could be used to obtain com- 
plete asymptotic expansions for all eigenvalues in suitable domains in the complex 
spectral plane, in the spirit of the classical Bohr-Sommerfeld quantization condition, 
well known in dimension one [S], [1], [S]. In the context of small non-selfadjoint per- 
turbations of selfadjoint operators, the work [25] has been pursued in a series of pa- 
pers [15], [16], [17], [31], under the additional assumption that the classical flow of the 
unperturbed part should be periodic in a fixed energy shell. The present work together 
with its predecessor [18], as well as with the aforementioned papers, represents a part 



of the unified effort aiming at obtaining a detailed information about the semiclassical 
behavior of the individual eigenvalues of small perturbations of selfadjoint operators, 
arising in applications, such as, say, the theory of resonances [33], and optimal control 
and stabilization of linear wave equations [2J. In collaboration with San Vii Ngoc, the 
first author is currently investigating the effects of a small real perturbation on the 
rational invariant tori in a completely integrable system, [19]. Eventually we hope to 
be able to attack the problem of the distribution of the imaginary parts of scattering 
poles for a strictly convex analytic obstacle in — see [32] for the results on the 
distribution of the real parts of the poles. Indeed, we expect that the results estab- 
lished in the present paper, when combined with those of [H], [19], will prove to be 
instrumental in achieving this goal. 

1.1 General assumptions 

We shall start by describing the general assumptions on our operators, which will be 
the same as in [IBJ, as well as in the earlier papers mentioned above. Let M denote 
either the space R^ or a real analytic compact manifold of dimension 2. We shall let 
M stand for a complexification of M, so that M = in the Euclidean case, and in 
the compact case, we let M be a Grauert tube of M — see [^ for the definition and 
further references. 
When M = R2, let 

Pe = P''{x,hD„€;h), 0<h<l, (1.1) 

be the /i-Weyl quantization on R^ of a symbol P{x, ^, e; h) (i.e. the Weyl quantization 
of P(x, /i^, S] h)), depending smoothly on £ G neigh(0, R) and taking values in the space 
of holomorphic functions of (x, ^) in a tubular neighborhood of R^ in C^, with 

\P{x,^,e;h)\ < O{l)m{Re{x,0), (1-2) 
there. Here m > 1 is an order function on R^, in the sense that 

m{X) < Co{X - F)^Om(F), X,Y e R^ (1.3) 

for some Co, Nq > 0. We shall assume, as we may, that m belongs to its own symbol 
class, so that m G C°°(R^) and (9°m = Oa{iTi) for each a G N^. Then for h > 
small enough and when equipped with the domain H{m) := {m^{x, hD))^^ (L^(R^)), 
Pe becomes a closed densely defined operator on L^(R^). 

Assume furthermore that 

oo 

P(x,e,£;/i)~5Z/i^P,,.(x,0 (1.4) 
i=o 

in the space of holomorphic functions satisfying (11. 2p in a fixed tubular neighborhood 
of R^. We assume that po,e is elliptic near infinity, 

bo,.(x,OI > ^m(Re(x,0), 1(^,01 > C, (1-5) 



for some C > 0. 

When M is a compact manifold, for simplicity we shall take to be a differential 
operator on M, such that for every choice of local coordinates, centered at some point 
of M, it takes the form 

Ps= aa,e{x;h){hD,)'', (1.6) 

\a\<m 

where aa{x;h) is a smooth function of e G neigh(0,R) with values in the space of 
bounded holomorphic functions in a complex neighborhood of x = 0. We further 
assume that 

oo 

aa,e{x;h) r^'Yaa,e,jix)h\ h^O, (1.7) 
i=o 

in the space of such functions. The semiclassical principal symbol po,e; defined on T*M, 
takes the form 

Po,e(a;, = a'a,e,oix)C, (1-8) 
if (x,^) are canonical coordinates on T*M. We make the ellipticity assumption, 

bo,.(x,OI>^(er, (x,OeT*M, |e|>C, (1.9) 

for some large C > 0. Here we assume that M has been equipped with some real 
analytic Riemannian metric so that |^| and (^) = (1 + |^|^)^^^ are well-defined. 

Sometimes, we write for po,e and simply p for pq q. We make the assumption that 

Pe=o is formally selfadjoint. 

In the case when M is compact, we let the underlying Hilbert space be L'^{M, fi{dx)) 
where fi{dx) is the Riemannian volume element. 

The assumptions above imply that the spectrum of in a fixed neighborhood of 
G C is discrete, when < h < ho, < e < Eq, with ho > 0, Eq > sufficiently small. 
Moreover, if z G neigh(0, C) is an eigenvalue of P^ then Imz = 0{e). 

We furthermore assume that the real energy surface (0) fl T*M is connected and 
that 

dp^O along p-\0) n T*M. 
In what follows we shall write 

Pe=p + lEq + 0{E^), (1.10) 

in a neighborhood of p^^(O) fl T*M, and for simplicity we shall assume throughout this 
paper that q is real valued on the real domain. (In the general case, we should simply 
replace q below by Reg.) 

Let Hp = p'^ ■ dx — p'x ■ be the Hamilton field of p. In [18], it was assumed 
that the energy surface p~^{0) H T*M contains finitely many ifp-invariant analytic 
Lagrangian tori satisfying a Diophantine condition. Let us recall that according to a 
classical theorem of Kolmogorov , the existence of such tori is assured when p is a 



small perturbation of a completely integrable symbol satisfying suitable non- degeneracy 
assumptions. Since our primary purpose here is to examine the role of the rational 
tori, which are in general destroyed by perturbing a completely integrable system, 
throughout this paper we shall work under the assumption that the Hp-fiow itself is 
completely integrable. We proceed therefore to discuss the precise assumptions on the 
geometry of the energy surface p~^{0) fl T*M in this case. 

1.2 Assumptions related to the complete integrability 

As in [18], let us assume that there exists an analytic real valued function / on T*M 
such that Hpf = 0, with the differentials df and dp being linearly independent almost 
everywhere. For each E G neigh(0,R), the level sets A^^^; = f~^{a) np~^{E) fl T*M 
are invariant under the Hp-fiow and form a singular foliation of the 3-dimensional 
hypersurface p~^{E) fl T*M. At each regular point, the leaves of this foliation are 
2-dimensional Lagrangian submanifolds, and each regular leaf is a finite union of tori. 
In what follows we shall use the word "leaf" and notation A for a connected component 
of some Aa,E- Let J be the set of all leaves in p~^{0) fl T*M. Then we have a disjoint 
union decomposition 



where A are compact connected ifp-invariant sets. The set J has a natural structure of 
a graph whose edges correspond to families of regular leaves and the set S of vertices is 
composed of singular leaves. The union of edges J\S possesses a natural real analytic 
structure and the corresponding tori depend analytically on A G J\S with respect to 
that structure. 

As in [ISJ, we shall require J to be a finite connected graph. We identify each edge 
of J analytically with a real bounded interval and this determines a distance on J in 
the natural way. Assume the continuity property 



These assumptions are satisfied, for instance, when / is a Morse-Bott function restricted 
to p~^{0) n T*M, as in this case the structure of the singular leaves is known [33]. 

Each torus A G J\S carries real analytic coordinates xi, X2 identifying A with 
= R^/2nZ^, so that along A, we have 




(1.11) 



AeJ 



For every Aq G J and every e > 0, 3 5 > 0, such that if 

A G J, distj(A, Ao) < 5, then A C {p G p~"^(0); dist(p, Aq) < e}. 



(1.12) 



Hp = aid^^ + 02(9, 



(1.13) 



where ai, 02 G R. The rotation number is defined as the ratio 



c<;(A) = [ai : 02] G RP\ 



and it depends analytically on A G J\S. We assume that 



ti;(A) is not identically constant on any open edge. 



Recall that the leading perturbation q has been introduced in fll.lOp . For each torus 
A G J\S, we define the torus average {q){A) obtained by integrating g|A with respect 
to the natural smooth measure on A, and assume that the analytic function J\S 3 
A I— > (g) (A) is not identically constant on any open edge. 

We introduce 

1 

{q)T = 7^ g o exp (tifp) dt, T > 0, (1.14) 

J-T/2 

and consider the compact intervals Qoo(A) C R, A G J, defined as in 



goo(A) 



lim inf(g)T, lim sup(g)T 

T^oo A T^oo A 



(1.15) 



Notice that when A G J\S and uj{h) ^ Q then (5oo(A) = {(g) (A)}. In the rational 
case, we write ci;(A) = — , where m G Z and n G N are relatively prime, and where 
we may assume that m = 0{n). When k{u!{A)) := \m\ + \n\ is the height of uj{A), we 
recall from Proposition 7.1 in [TB] that 



Qoo(A) C (g)(A) + O [-^^j^ ) [-1, 1]. (1.16) 

Remark. As J\S 3 A ^ Aq E S, the set of all accumulation points of {q){A) is 
contained in the interval Qooi-^o)- Indeed, when A G J\S and T > 0, there exists 
P = Pt,a £ A such that {q){A) = {q)T{p)- Therefore, each accumulation point of {q){A) 
as A Aq G S*, belongs to [inf /^Q{q)T, sup jy^{q)T]- The conclusion follows if we let 
T — * oo. 

Let Aq G J\S be a rational invariant Lagrangian torus, so that as above, c^o '■= 
co'(Ao) = ^ G Q, m = 0{n). For future reference, we shall finish this subsection by 
considering the behavior of the interval Qoo(A) when A 7^ Aq is a rational torus in a 
neighborhood of Aq. Writing ci;(A) = £ where p G Z and g G N are relatively prime, 
p = 0{q), we get, using that uj{A) 7^ Uq, 

HA) -u;o\> — > ,.\..y (1-17) 
nq nk[uj[Ajj 

and therefore, in view of (11.161) . 

goo(A) C (g)(A) + (9(dist(a;(A),cuo)°°)[-l,l]. (1.18) 

This estimate is uniform in uq provided that we have a uniform upper bound on the 
height of the rotation number ljq G Q. 

1.3 Statement of the main result 

From Theorem 7.6 in 1181 we recall that 



^Im (Spec(P^) n {z; \Rez\ < 5}) C 



inf U Qoo(A) - 0(1), sup U Qoo(A) + o(l) 



AgJ AeJ 



;i.i9) 



as e, h, 6 — * 0. Let us also recall from [18] that a torus A G J\S is said to be 
Diophantine if representing Hp\/^ = aid^^ + 0-29x2^ in (11.131) . we have 

1 



«-^l>7r^' O^A;GZ^ (1.20) 



for some fixed Cq, A^o > 0. 

Let Fq G UAejQoo(A) be such that there exist finitely many Lagrangian tori 

Am,... ,AL,de J\5 (1.21) 

that are uniformly Diophantine as in (ll.20p . and such that 

(g)(A,-,) = Fo forl<j<L, (1.22) 

with 

dA=A,,(g)(A)^0, 1<3<L. (1.23) 

Moreover, assume also that there exist tori Ai^^, . . . , A^/ ,, G J\S with uj{Kj.f) G Q, 
1 < j < L', and such that the isoenergetic condition 

dA=A^.,.a;(A) ^ (1.24) 

is satisfied for each j, 1 < j < L' . Assume next that the length |(5oo(Aj,r-)| of each 
interval Qoo{^j,r) satisfies 

|goo(A„.)| >0, j = l,...,L', (1.25) 

and that 

i^oeQoo(A,,r), 1<3<L'. (1.26) 

We shall assume that 

|(g)(A,-,)-Fo|>^, 1<3<L'. (1.27) 

Let us finally make the following global assumption: 

Foi U goo(A). (1.28) 

A6J\{Ai,d,...,AL,d,Ai,r,.--,A^/,^} 

Here we notice that the earlier assumptions imply that Fq ^ Qoo(A) for Kj^d 7^ A G 
neigh(Aj^d, J), I < j < L, and Aj^r 7^ A G neigh(Aj_r, J), 1 < j < L'. 

Theorem 1.1 Let Fq G Ua6J<5oo(A) be such that the assumptions fll.22p . fll.23p . 
dEMD, dOSD, dSSD, (lOZD, and (fT^ are satisfied. For 1 < j < L, we fix a ba- 
sis for the first homology group of each Diophantine torus Aj^d given by the cycles 
ttfcj C Aj^d, k = 1,2, and let Sj G be the actions and kj G be the Maslov indices 
of akj ■ Let 

Kj : neigh(A,- rf, T*M) ^ neigh(e = 0, T*T^) (1.29) 



be a canonical transformation given by the action-angle variables near Aj^d, ^ ^ j ^ L, 
and such that Hj{akj) = {a; G T^; x^^k = 0}, k = 1,2. Let 6 > be small and assume 
that 

h<^e< 

Let C > be sufficiently large. Then there exists a bisection h between the spectrum of 
Pi; in the rectangle 



R{Fo,C,e,S):-- 



" e 


e ' 








+ is 


7c' 


C. 



(1.30) 



and the union of two sets of points, and E^., such that — fi = 0{h^°). Here 
Nq is fixed but can be taken arbitrarily large. The elements of the set E^, z{j,k), are 
described by Bohr-Sommerfeld type conditions, 



z{j,k) = P^^^{^h{^k-'^j-:^,e;hj+0{h^), keZ\ 1<J<L, (1.31) 

with precisely one element for each k E 7? such that the corresponding z{j, k) belongs 
to the rectangle (11.301) . Here Pj°°\^,e;h) is smooth in ^ G neigh(0,R^) and e G 
neigh(0,R), real-valued for e = 0. We have 

oo 

and 

,(oo) 



;i.32) 



1.33) 



Here p and q have been expressed in terms of the action-angle variables near Aj^d given 
by Kj in (11.291) . and {q) is the torus average of q in these coordinates. The cardinality 
of the set E^ is 



Remark. It follows from Theorem 1.1 that the total number of elements of the set Ed is 
~ e^^^ jk?. Therefore, from ( 11.34p we see that for < 5 < 1/2, the contribution E^ to 
the spectrum of P^ in i?(Fo, C, e, 5), coming from the rational region, is much weaker 
than that of the Diophantine tori Aj^^, 1 < j < L. As will be seen in the proof, for this 
result the assumption (11.271) is important. 

Remark. Assume that the subprincipal symbol of Ps=o in (11.11) and (II. 6p vanishes. 
Then it follows from the discussion in the body of the paper that Theorem 1.1 is valid 
in the larger range 

<^e = 0{hi-^^), 0<(5<1. (1.35) 

Theorem 1.1 can be viewed as a partial generalization of one of the main results 
of [TBj, where energy levels corresponding only to Diophantine tori have been conside- 
red. In that paper, instead of the upper bound e < h'^/^^^ , it was merely required that 



£ = 0{h^) for some small fixed 5 > 0. (Also the lower bounds there were considerably 
weaker than h <^ e.) As will be seen in the proof, here the strengthened upper bound 
on e is required in order to compensate for the exponential growth of the resolvent of 
in the rational region, when considering the tunnel effect between the Diophantine 
and the rational tori — see also the discussion in the next section. 

In the case when there are no Diophantine tori corresponding to the energy level 
(0, sFq) G C, the result of Theorem 1.1 can be improved in two ways: we can put 5 = 
in (11.301) . and also, the upper bound e < h'^/^+^ can be replaced hj e = 0{h^), 5 > 0. 

Theorem 1.2 Let us keep all the assumptions of Theorem 1.1, and assume that L = 
in (11.211) . Assume furthermore that e = 0{h^), 5 > 0, satisfies e ^ h. There exists a 
constant C > such that the number of eigenvalues of in the rectangle 

< ^ (1-36) 



does not exceed 

KB 



|Re2;| < 



Im^; 



(1.37) 



Remark. As will be explained in the beginning of section 3, the isoenergetic assumption 
(I1.24P implies that associated with each rational torus Aj 1 < j < L', there is an 
analytic family of rational Lagrangian tori Ae.j^t C p^^{E) fl T*M for E G neigh(0, R), 
depending analytically on and with A£;=o,j,r = Aj ,., 1 < J < L' . Theorem 1.2 can 
therefore be interpreted as saying that that only an e^/^-neighborhood of the set 

u 

U U (1-38) 

j=l E=0{e) 

contributes to the spectrum in the region (11.361) . 

For notational simplicity only, when proving Theorem 1.1 and Theorem 1.2, we shall 
assume that L = 2, L' = 1, and that hi d, ^24, and Ai ,, all belong to the same open 
edge of J, so that, when identifying the edge with a real bounded interval, we have 

Ai,rf < Ai,,, < A2,d. (1.39) 

The structure of the paper is as follows. In section 2 we present a general outline of 
the proof of Theorem 1.1. Section 3 is devoted to a formal microlocal Birkhoff normal 
form construction for near Ai and in section 4 the formal argument of the previous 
section is justified by constructing a microlocal Hilbert space in a full neighborhood 
of Ai^r, realizing the normal form reduction there. In the beginning of section 5 we 
construct the global Hilbert space where we study our operator P^, and introduce two 
reference operators, associated with the Diophantine and the rational regions, respec- 
tively. Section 5 is concluded by constructing the resolvent for P^ globally, and we 



obtain Theorem 1.1 by comparing the spectral projections of and of the reference 
operators. In section 6, we apply Theorem 1.1 to a small complex perturbation of the 
semiclassical Laplacian on a convex analytic surface of revolution, and give a partial 
generalization of the corresponding discussion in [TH]. The appendix contains a proof 
of a simple trace class estimate for the Toeplitz operator with a compactly supported 
smooth symbol, acting on a weighted L^-space of holomorphic functions. This esti- 
mate, which seems to be of an independent interest, is used in section 5 in the main 
text. 
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2 Outline of the proof 

The purpose of this section is to provide a broad outline of the proof of Theorem 1.1. 
Compared with the previous work [18], addressing only the case of Diophantine tori, 
here the essential new difficulties will be concerned with the analysis in the rational 
region. We shall begin by presenting an outline of the argument in this case. 

Working microlocally in the rational region and introducing action-angle variables 
in a neighborhood of Ai ~ T^, we are led to consider an operator, defined microlocally 
near ^ = in T*T^. ^, with the leading symbol given by 



case where uj = (0, 1) and the (9(^^)-term in (12.11) reduces to C,i — this choice of the 
nonlinearity in p is in agreement with the isoenergetic condition (11.241) . Following the 
general ideas of a Birkhoff normal form construction, we would like to eliminate, as 
much as possible, the x-dependence in the symbol in (12. ip . Performing first successive 
averaging procedures along the closed orbits of the Hp-How comprising the rational 
tori A^;^!^,., E G neigh(0,R), we achieve that the leading symbol in (12.11) becomes 



where the 0{e)-teTm is independent of X2- In the terminology of classical mechanics, 
this initial reduction is based on a secular perturbation theory — see [21]. Carrying 
out the reduction on the operator level, we obtain an operator of the form = 
Pe{xi, hD^j^, hD^^'i ^)) which may also be viewed as a family of one-dimensional non- 
selfadjoint operators acting in xi, with a leading symbol of the form 



Here u 




(2.2) 



hk + ^l + 0{e), keZ. 



For this family, we cannot exclude the occurrence of a pseudospectral phenomenon 
[3], leading to the exponential growth of the resolvent norms in the spectral regions 
of interest. This makes it difficult to exploit the secular perturbation theory and to 
simplify the operator further. 

Nevertheless, in section 3 we show that working in a region where 

161 »^'^ (2.3) 
and so away from an e^/^-neighborhood of the set 

U Kexv. 0<5<1, (2.4) 

|i?l<'5o 

the xi-dependence in the symbol ( 12. 2p can be eliminated completely, and in particular, 
here the leading perturbation q in (12.11) becomes replaced by its torus average. When 
approaching the region where ^ = 0(e^/^), the normal form construction breaks down 
and no additional simplification of the operator is obtained. 

To implement the complete reduction in the region (12. 3p requires an introduction 
of a microlocal Hilbert space of functions in a sufficiently small but fixed neighborhood 
of Ai Because of the degeneration of the normal form construction very close to the 
rational torus, when defining the Hilbert space in a full neighborhood of Ai^^., it becomes 
convenient and indeed, natural, to perform a second microlocalization — in this case, 
it amounts to considering our operators in h = /i/ y^-quantization with respect to 
the Xi-variable and performing an /i-Bargmann transformation in Xi. In section 4 we 
show that, on the transform side, the microlocal Hilbert space in question becomes a 
well-defined weighted space of holomorphic functions in a region (Rexi,Rex2) G T^, 
|Imxi| -C |Imx2| -C 1, with the corresponding strictly plurisubharmonic weight 
being uniformly well behaved and close to the standard quadratic one — see Proposition 
4.1 for the precise statement and also, the discussion in section 4.4. 

The idea now is to use the assumption (I1.27P to show that (1/e) {Pe — z) becomes 
elliptic (viewed as an /i-pseudodifferential operator) near Ai^^, when away from an 
0(£^''^)-neighborhood of the set in (11.381) . while the invertibility away from the tori 
Ai ,. yjKi^d U A2,d should follow from (ll.28p . Here the spectral parameter z varies in the 
domain (ll.36p . 

To handle the remaining phase space region near Ai in section 5 we construct a 
trace class perturbation whose trace class norm does not exceed 

O (^) . (2.5) 

such that if := Pe + isK then Pd — z becomes invertible, when away from the 
Diophantine quasi-eigenvalues z{j,k) in (ll.3ip . Moreover, we obtain a sufficiently 
good control on the norm of the inverse of Pd, when the latter is considered in a 
global Hilbert space, obtained by gluing together the microlocal Hilbert space near 



Ai^r and the space away from Ai^^, defined using the Diophantine analysis of [18]. The 
trace class perturbation K is constructed as a Toephtz operator on the FBI-Bargmann 
transform side and when deriving the trace class norm bound (12. 5p . we use a general 
estimate of Proposition A.l in the appendix. 

It will be fruitful to think of the Diophantine and the rational tori in question as of 
microfocal wells to which the main difficulties of our problem are localized. From this 
point of view we may think of the operator as a reference operator associated to the 
Diophantine region. Proceeding in the spirit of tunneling problems, in section 5 we next 
define and study a reference operator associated to the rational region, Pr, obtained by 
modifying P^ away from the rational region and such that Pr — z is invertible outside of 
a small neighborhood of Ai r- Because of the pseudospectral difficulties in the normal 
form construction for P^ in an (9(e^/^)-neighborhood of Ai^^, when estimating the 
resolvent of Pr, we are only able to show that it enjoys an exponential upper bound, 
with the exponent there being given, roughly speaking, by the phase space volume of 
the region near the rational torus, not covered by the normal form, multiplied by h~'^, 
or, equivalently, by the trace class norm of the perturbation K in (12. 5p . 

Using the operators Pd and Pr, together with an additional reference operator 
corresponding to the elliptic region, we next construct and study an approximate, and 
then exact, resolvent of P^. To obtain the main result of Theorem 1.1 we would like 
to compare the spectral projections of P^ with those of the reference operators. Due 
to the exponential growth of the resolvent of P^ near Ai ,,, at this point it becomes 
very important to estimate the tunnel effect between the Diophantine and the rational 
tori and to show that it is small enough to overrule the pseudospectral growth of the 
resolvent in the rational region. This tunneling analysis is carried out at the end of 
section 5 and it involves an additional modification of phase space exponential weights 
near the invariant tori. Imposing the upper bound e = 0[h'^^^^^), < 5 <^ 1, 
assures that our perturbative argument goes through, and we can conclude the proof 
by comparing the spectral projections, as indicated above. 

Remark. The idea of using auxiliary trace class perturbations to create a gap in the 
spectrum of a non-self adjoint operator has a long tradition in abstract non- self adjoint 
spectral theory and seems to go back to the work of Markus and Matsaev [23], see 
also [22]. It has been used by the second author in the theory of resonances [28], [30] . 
and when studying spectral asymptotics for damped wave equations on compact do- 
mains [2H] (see also [H]). In the present paper, in the absence of the Diophantine 
tori, once the trace class perturbation K, alluded to above, has been constructed, we 
can conclude the proof of Theorem 1.2, in section 5, by relying upon some standard 
Fredholm determinant estimates [6]. 

3 The normal form construction near Ai^ 

For simplicity, we shall concentrate throughout the following discussion on the case 
when M = R^, the compact real analytic case being analogous — see also the appendix 
in [IS] for the basic facts about FBI transforms on manifolds. We shall keep all the 



assumptions made in the introduction, and consider an operator in (II .ip with a 
principal symbol 

Pe=p + ieq + Oie^), (3.1) 

in a neighborhood of p~^{0) fl R^. In order to simplify the presentation, we shall 
furthermore assume that the order function m introduced in (II. 2p belongs to L°°(R'^). 
It will be clear that the analysis below extends to the case of a general order function 
m > 1. From the introduction, let us also recall the simplifying assumption that L' = 1 
so that Ai^r is the only rational torus corresponding to the level {0,eFo). 

In this section, we shall work microlocally near Ai,^ C p-^O) nR^ Let 

Ko : neigh(Ai,,,,R^) neigh(e = 0,T*T^), (3.2) 

be a real and analytic canonical transformation, given by the action-angle variables, 
and such that Ko(Ai,r) is the zero section in T*T^. Then p o is a function of ^ 
only, and to simplify the notation we shall write po = p{^). We have p(0) = and 
without loss of generality we may assume that 

d^,p{0) = 0, %P(0)>0. (3.3) 

The isoenergetic assumption ( 11.241) takes the following form, 

dlpiO) ^ 0. (3.4) 

In order to fix the ideas, we assume that 9|^p(0) > 0. 

By the implicit function theorem, the equation 9^iP(0 = has a unique analytic 
local solution = /(^2) with /(O) = 0. The function ^2 ^ p{f{^2),C,2) has a positive 
derivative near 0, and therefore the equation p{f{^2),^2) = E has a unique solution 
^2{E) close to for E G neigh(0,R). We obtain a family of rational Lagrangian tori 
^E,i,r C p~^{E), defined by 

6 = 6(i?), 6 = /(6(^)). (3.5) 

By construction, d^^^p = on A^;^!^^, and hence, 

%p(ei,6) = 0{^, - /(6)),%P(6,6) = %p(/(6),6) + 0{{^, - /(6))). (3.6) 

Implementing kq in (13.21) by means of a microlocally unitary Fourier integral oper- 
ator with a real phase as in Theorem 2.4 in [15], and conjugating by this operator, 
we obtain a new /i-pseudodifferential operator, still denoted by P^, defined microlo- 
cally near ^ = in T*T^. The full symbol of Ps is holomorphic in a fixed complex 
neighborhood of ^ = 0, and the leading symbol is given by 

Pe{x, = PiO + ^eq{x, + 0{e^), (3.7) 



with 



p(ei,6) =p(/(6),e2) + ^(ei,6)(6 - /(6))'. 



(3.8) 



Here g{0) > 0, since we have assumed that 9|^p(0) > 0, and the function q in (13. 7p 
is real on the real domain. On the operator level, acts in the space of microlocally 
defined Floquet periodic functions on T^, Lg(T^) C Lf^^(R?), elements u of which 
satisfy 

u(x-u) = e''-''u(x), 6 = ^ + ^, v^2nT?. (3.9) 
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Here S = {Si, S2) is given by the classical actions, 

Sj = ridy, j = 1,2, 



with aj forming a system of fundamental cycles in Ai^^, such that 

Koiaj) = (3j, j = 1, 2, /3j = {x e T^; x^^j = 0}. 

The tuple ko = {ko{ai) , ko{a2)) E T? stands for the Maslov indices of the cycles a^, 
J = l,2. 

As a first step in the normal form construction for P^, we shall apply the secular 
perturbation theory to the principal symbol Pe in (13. 7p — see also [21] . 
Let 

{q),(xuO = ^[ qi^,0dx2 (3.10) 
2vr Jo 

denote the average of q with respect to X2. Using the assumption (13. 3p and proceeding 
as in section 4 of flSj (see also section 2 of [18j), it is straightforward to construct, 
by successive averagings in X2, a symbol Gi{x,C,) = G[^\x,C,), analytic in (x,^), such 
that 

H,Gi = q - (g)2(xi, + 0((ei - /(6))^), (3.11) 

where (5)2(3^1,0 = {'l)2{xi,C,) + 0(^i — /(^2)) is independent of X2- Here G N can 
be taken arbitrarily large but fixed. We get from (13.110 . by a Taylor expansion, 

p,(exp(MGj(x,0) = PiO + ^^{Q)'2ixi,0 + o[e' + e{^i-f{^2)f) 

= PiO + ^e{q)'2ixi,0 + ^e'q + O (e' + e (^i - fi^2)f) , 
where q = q{x,^). We next construct G2, analytic in (x, ^) and such that 

HpG2 = q- (^2(^1.0 + Oii^i - f{^2)f). 

Then 

Pe (exp {ieHcJiexp {ie^HG2){x,0)) 
= PiO + ^e{q)'2 + ie'W2 + O (e' + e (^i - f{i2)f) ■ 
It is clear that this procedure can be iterated, and after A^ steps, we define 

Ke := exp {ieHci) o exp {ie^Hc^) o ... o exp {ie^Hct,). (3.12) 



It follows that 

Pe (f^eix, 0) = PiO + ^^(9)2(3:1, + ^^reixi,^) (3.13) 

+ O + e (6 - m2)f) = P'sixu + (5^+^ + 5 (6 - m2)f) . 

Here the last equahty defines p'^{xi,^). 

Using the same averaging procedure as above also on the level of lower order sym- 
bols, as in section 4 of [H] and section 3 of [TS], we conclude that there exists an 
analytic elliptic Fourier integral operator F = F^^^ in the complex domain, quantizing 
the holomorphic canonical transformation in f l3.12p . such that 

F~^P,F = P;(xi, hD,; h) + Re{x, hD,; h). (3.14) 

Here the full symbol of P'^ is independent of X2 and 

R,{x, i-,h) = (e^+i + £ (6 - /(6))^ + h""^') . (3.15) 

The leading symbol of P^{xi, hD^, h) is p[{xi,^) in fl3.13p . As in section 6 of [15] and 
section 2 of [25] , the operator F is defined by working on the FBI-Bargmann transform 
side. 

When discussing further reductions of P^, it is natural to exploit the fact that 
this operator is independent of X2, and hence, at least formally, by taking a Fourier 
series expansion in X2, we can reduce the study of P^ to the study of a family of 
one-dimensional operators P^{xi, hDx^,^2] h), with 

^^ = h(k- _ |i e neigh(0, R), keZ. (3.16) 
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The family P^{xi, hDx^i^2i h) acts on the microlocal space of Floquet periodic functions 
L2^(Ti), Ti = R/27rZ, Oi = Si/2'Kh + fco(ai)/4, defined similarly to (EH). We would 
like to eliminate the Xi-dependence in the symbol of P^{xi, hDx^,^2'i h) by means of an 
additional conjugation by an elliptic Fourier integral operator. Using (13. 8p and (I3.13P 

we get 

P^{x^D,„^2;h) = p{f{^2),^2) + g{hD,„^2) {hD,, - f{^2)f (3.17) 
+ie{q)2{xi, hD,„^2) + eV,(xi, hD,„^2) + 0{h) + 0{h^). 

Let us recall that 5^(0) > 0, and the C(/i)-contribution in (I3.17P is the subprincipal 
term in the full symbol of P'^. After a conjugation by exp (|;/(^2)a^i), modifying the 
Floquet condition on T\ we get 

e-^/(6)x.p/ (^^^ hD,,,^2: h) e^^«^)^^ = p(/(6), 6) (3.18) 
+^7(/(6) + /^^xi,6) {hD,,? 

+ {iel^2 + e\, + 0{h) + 0{h^)) (xi, /(6) + hD^,, 6). 



In section 4 of [15J, it is explained how to eliminate the Xi-dependence in (13.181) by 
means of a Fourier integral operator conjugation. Here we shall follow the procedure 
there after a suitable change of Planck's constant. Let us work microlocally in a region 

+ 1. (3.19) 

We write 

~ h 

hDxi = fihDxj^, h = — <^ 1. 

If ^1, ^1 denote the cotangent variables corresponding to hD^-^ and /i-Dxn respectively, 
we have _ 

Then I KW) gives 

/i-2e-^^«^)"ip;(xi,/iD,,,6;/i)e^^(^^)"^ (3.20) 



+0{h^) (xi,/(6) + /i/^/^x„6), 



which can be viewed as an /i-pseudo differential operator. The symbol associated to 
the second term in the right hand side of (I3.20p is then 

and it follows from (13.191) that we work in a region where 



6 



(3.22) 



Notice that in this region, the ^i-gradient of (13.211) is of the order of magnitude 1. 
We set next 

ro(^xi,ei,^,-^,e2) =^?(/(6)+/ifi,6)ei%(^(^)^ (3.23) 

where the O ^^^j-term stands for the third term in the right hand side of (I3.20p . 

Following the argument of section 4 of [15], we shall now recall how the Xi-dependence 
in Tfj can be eliminated by means of a suitable canonical transformation. 

We look for Lpo = Lpo (^xi,^i, ^, , such that 

ro (xi, + a.,(,o, ^, ^, 6) = (ro (-, fi, ^, ^, 6) ). (3.24) 



Here, for a smooth function /(x,^) defined near ,^ = in T*T^, the expression 
stands for the average with respect to Xi, 



]^ r2TT 



By the imphcit function theorem, f l3.24p has an analytic solution with dx^fo single- 
valued and 0{{e + h)/ iJ?). Taking a Taylor expansion of f l3.24p and using f l3.23p . we 
get 

(%ro) ^, -j^, 6^ dx.^o + (ro - (ro)i) = O (^(^^) 

and using also that the ^i-gradient of fl3.2ip is ~ 1, we conclude that 

where 

and ip^ = 0{{e + h)/ iJ^) is periodic in Xi. We set fji = ii + Ci; and view v^/^ as a 
function of r^i rather than ^i. 

Summarizing the discussion above, we see that there exists a holomorphic phase 
function 

'^^i{xi, rfi) = (fi^ (^xi, ifi, = O (^-^-^ (3-25) 

defined in a fixed complex neighborhood of xi G T^, |r/i| ~ 1, such that if 

'4){xi,rfi) = xifji + V2;,(xi, r/i), 
then the canonical transformation 

: = ^ = (3.26) 

is O ^^^j -close to the identity, and 

is independent of yi and is equal to 

9{f{i2)+^^Vl)Vl^ (3.27) 
' ^(S)2), + ^ + -Ar,)^ (/(6) + /^rfi, 6) + O ' + 
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In what follows, we shall fix the choice of by requiring that {^p^i)xj^=o = 0. 



Associated to n^,e,h, we can construct an elliptic /i-Fourier integral operator of the 
form 

Gu{xi) = — ^ e'- a{xi,r]i,—,—,r]2;h)u{yi)dyidT]i, 
2nhJJ 

(3.28) 

such that the full symbol of the /i-pseudodifferential operator 

G~^fi~^e"rJ'^^''>'''P^{xi,fihD^^,^2]h)e^f^^^>'G (3.29) 

is independent of Xi (and of X2), with the principal symbol given by fl3.27p . For the 
amplitude in fl3.28p . we shall require that (0)3,^=0 ~ ^■ 

Remark. Working microlocally in a region 

161 ~ 

where -C 1 is such that 

< 61 > 0, (3.30) 



and following some further arguments of section 4 of [l5], we see that the canonical 
transformation n^^e^h and the /i-Fourier integral operator G in (13.281) can be constructed 
by a formal Taylor series in the asymptotically small parameter [e + h)/ jji^ = 0{h'^^^). 

Remark. Assume that the subprincipal symbol of ^^=0 in (11. ip vanishes. Then it 
follows from some arguments in sections 2 and 4 in [15] that the Xi-dependence in 
P^{xi, hDx-^,C,2] h) in (13.170 can be eliminated microlocally in a region ~ /i, where 

{e + h^f'^ < /X < 1. 



By rescaling, we can express G in (13.281) as an /i-Fourier integral operator. Indeed, 
using that = we get 

Gu{x^) = ^jj e^('^'^'*("^''^'^'^'«^^+^"^~'^^M X (3.31) 

a{xi, — , ^, 6; -)u{yi) dyi dr]i. 

Moreover, the introduction of the small parameter fi in (13.190 was artificial, and the- 
refore we can carry out the constructions in such a way that the phase function 
H(Pf,{xi, ^, ^, ^, ^2) and the amplitude a{xi, ^, ^, ^, ^2; ^) in (13.311) are independent 
of fi. We write then 

Gu{xi) = ^jj e^(^"^-(^^'''i'"''*'«2)+(^i-^i)^^) X (3.32) 
anewixi,r]i, e, h, ^2] h)u{yi) dyi dr]i, 
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with (pnew, 0-new defined for e + /i <^ |?7i| <^ 1 and satisfying 

y^new = O . (3-33) 

and 

oo 

Onew ~ ^anewJ/i^ a^ewj = 0{\r]i\~'^^) . (3.34) 
j=0 

Here Onewj do not depend on h. Since we work in the complex domain, we can estimate 

the derivatives of yjnew and Onewj using the Cauchy inequahties. In particular, when 
{ai,Pi) G N^, we get using (13.331) . 

Since, as we have just observed, 

fXiPf, ( Xi, — , ^, ^2 ) = V^new (Xi^IJi, £, /l, ^2) , 

where ^new satisfies (13.331) . it follows that the phase ip^ in (I3.25P extends to a region 
1 ^ Irfil ^ - and satisfies there 

( ~ ^ ^ A n(^I±R 



Similarly, the normal form (13.291) corresponds, after a multiplication by /i^, to an 
operator which is independent of /i, 

P;'(/iD,,,6;/^) = G-^e-t/(6)-ip;(xi,/iD,,,e2;/i)et^(«^)^^G (3.36) 

+ {^em2), + 0(/^) + ^'(r.)i) (/(6) + /^^x,,6) 
+0p, (o (^I±^\\ +R{hD,^,^,,e;h), 



^1 



where 



i=2 

For future reference we remark that we can also view the operator G in (I3.28P as 
acting on (Floquet periodic) functions on T^. If we maintain the scaling, we get 

{2iTh){2TTh) J 

(3.37) 



where 7]2 is the same variable as .^2- Without the scahng, we have a similar formula 
by adding a 1/2, r72^integration to (13.311) (after replacing ^2 there by 772), and adding a 
phase factor e^*^^2-y2)»?2_ 

Naturally, the argument so far is formal, with the various normal forms computed 
by formal stationary phase expansions. Also, let us recall that the phase (pnew in (I3.32p 
is defined only for (e + hY^"^ \r]i\ <^ 1. 

We summarize the discussion in this section in the following proposition. 

Proposition 3.1 Let be an h-pseudodifferential operator defined microlocally near 
^ = in T*T^, and assume that the principal symbol of Pgr, 

Pe{x,i)=p{i)+ieq{x,i) + 0{e^), 

is such that p{^) satisfies (13. 3p . (13.41) . Then we write 

=p(/(6),6) + ^7(ei,6)(6-/(6))', /(O) = 0, (3.38) 

where (7(0, 0) > 0. For each G N there exists an elliptic Fourier integral operator in 
the complex domain F = Fe^^ such that the symbol of M~^F~^Pi,FM is of the form 

Psixu^i + /(6),6; h) + (5^+^ + + h^'^') . (3.39) 

Here M is the operator of multiplication by e^-^'-^^-'^^ and P^{xi, HDj-^^, hDx2', h) is de- 
fined in (13.171) . 

Furthermore, let (e + hY^"^ <ti fx <^ I, and let us view n^'^P^{xi, hD^^ + /(^2), ^2; h) 
as an h-pseudodifferential operator in xi, with h = h/fi. There exists an elliptic h- 



1, such that 



Fourier integral operator G in Xi, defined in (I3.28p . microlocally in 

the full symbol ofG^^fi^^P^{xi, /iZ^a;^ + /(^2), ^2; h)G is independent ofxi. The operator 
G quantizes a holomorphic canonical transformation whose generating function is of 
the form Xiffi + y)^(xi,r/i), where (f^ is defined m 1 ^ |rfi| ^ ^ and satisfies there 

M^uVi) = o(^y (3.40) 

In this region we have, when {ai,Pi) G N^, 

S?;94V. = 0„.. (^j^i^ (3.41) 



4 Microlocal Hilbert spaces near the rational torus 

Let Pe be as in section 1. In section 3, we have constructed a microlocal normal 
form for P^ near the rational Lagrangian torus Ai ,. C p~^(0) fl R^, but away from an 
0{{e + /;,)^/^)-neighborhood of this set — see (13.361) . The purpose of this section is 
to follow up the preceding formal constructions with suitable function spaces and to 
construct a microlocal Hilbert space in a sufficiently small but fixed neighborhood of 
Ai^j., implementing the reduction scheme of Proposition 3.1. 



4.1 Microlocal Hilbert spaces outside of a tiny neighborhood 

of Ai ,, 

Let us consider an operator P^, micro locally defined near ^ = in T*T^, with the 
leading symbol given by (13 .Zp . (I3.8p . We shall work as much as possible with functions 
on T^, and with corresponding Fourier integral operators operating in 2 variables. 
Adopting this point of view, we see that the multiplication by e^^^^^^^'^, introduced in 
(I3.18p . can be viewed as the semiclassical Fourier integral operator 

Mu{x) = ^ //e^(^(^2)xi+(x2-?;2)r,2)^^3,^^^2)^^2^^2 (4j) 
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associated to the canonical transformation 

Km ■■ {xi,X2 + f'{r]2)xi; r/i, 772) ^^ (xi, X2; r]i + /(?72), 772)- (4.2) 

Let us recall now the operators F and G, introduced in (I3.14p and (I3.37p . respectively. 
In the previous section we have obtained that formally, 

G-^M-^F-^PeFMG = P"ihD^, h) + {MG)-^ReMG, (4.3) 

with P^' and given in (13.361) and (I3.15p . respectively. The fact that the phase (p^ in 
(I3.37P (see also Proposition 3.1) is only defined for 1 ^ |r/l| ^ ^, (e + /i)^/^ ^ yU <^ 1, 
is a difficulty that we shall address later in this section. Ignoring that problem for a 
moment and still arguing formally, we would like to consider P" acting on the space 
L^(T^), microlocally defined near the zero section, but away from the exceptional region 

Consequently, the natural formal Hilbert space for considering should be given by 
FMG(L^(T2)). When realizing the latter, it is going to be convenient to work on the 
FBI transform side. 

We shall work with the standard FBI-Bargmann transform, 

Tu{x) = Th^hu{x) = Ch-'^l^ j e-^^^'-y^'uiy) dy, C > 0, (4.4) 

acting on Lg(T^), and mapping this space to a weighted space of Floquet periodic 
holomorphic functions on C^. Associated to T, there is a canonical transformation 

= ■■ {y, v) ^-^ {x, = iy- ^v, v), (4-5) 

mapping the real phase space T*T^ to the IR-manifold 

: e = = -Imx, <l>o(x) = hlmxf. (4.6) 
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Let us also recall that the transformation 



T : L\T^) ^ i/$„(CV27rZ2) (4.7) 

is unitary, for a suitable choice of C > in (14.41) . and it has been verified in section 
3 of |25j that it remains unitary when acting on the Floquet space L^(T^). Here and 
in what follows, when f2 C C /27rZ = + zR is open and $ is a suitable strictly 
plurisubharmonic weight, close to $o in (14. 6p . we shall let H^{Q) stand for the closed 
subspace of L^(f2; e~~h L{dx)), consisting of functions that are holomorphic in f2 — see 
also the appendix. 

Neglecting the Floquet conditions for the time being, we should have, 

TFMG{L\T^)) = H^, (4.8) 

where the weight $ is such that 

A* := I ^X, I = Kt O He ° f^M O K;,,£,h(T*T^). 

Here and are the canonical transformations corresponding to F and G, and 

introduced in (13.121) and (I3.26p . respectively. The weight $ in (14. 8 p should be a small 
perturbation of $o since n^, K,^^e.h are small perturbations of the identity, and km in 
(14.21) is a real canonical transformation. 

We shall assume from now on that 

£ > /i, (4.9) 

and abusing the previous notation slightly, we shall take 

/i = yi. (4.10) 

Because of the blow-up of the normal form construction in the region where rji = 
0{e^^'^) (see (13.330 ). when realizing the formal space in (14. 8p . we shall have to make 
some modifications. First, the operator G should be written as in (I3.37p with 

= < 1, 

and correspondingly, in order to define a microlocal space corresponding to the formal 
space G(L^(T^)), we shall consider the mixed transform 

T~^ ,^u{x) = Ch~'"^h-'"^ jj e^i^("^"^^)'-^("^-^^)'u(yi, 2/2) dyr dy2. (4.11) 

Here C > is the same constant as in (14. 4p . For future reference, we notice that when 
viewed as an h-Fouher integral operator, the transform ^ is associated with the 
canonical transformation 



Here we have written {yi, r/i; y2, 1]2) rather than [y, rj). 

We shall show that ^G'(L^(T^)) becomes a well-defined exponentially weighted 
space of holomorphic functions u{xi,X2) in a region 1 <^ |Imxi| ^ ^, |Imx2| ^ 1. 
Once this has been done and the basic properties of the weight have been investigated, 
we shall extend the definition of the weight to the entire domain llmxil -C -, |Ima;2| -C 
1 — this will then lead to a definition of a microlocal Hilbert space corresponding to a 
formal space G(L^(T^)), in a full neighborhood of the rational torus, and we shall be 
able to proceed as indicated above. 

Let us compute Tj^^Gu, when u G L^. In doing so, it will be convenient to do the 
computation first in the Xi-variable alone, and as in fl3.28p . we introduce, with fi = y/e, 

Gu{xi,y2,r]2) (4.13) 

1 rr K^4--'^-t.''0+(--^0^~Oa(xi,rfi,-,r^2;/J)w(l/i,y2)t/z/irfrfi. 
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Composing this expression with the one- variable transform T^, we get 

T~^Gu{zuy2,V2) (4.14) 
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= Cjr^ y"et(^(^-^^)'+^''(^-'^-^''^))6(^i,yi,^,r/2;/J)n(yi,i/2)rfl/i, Ci > 0. 

Here the last expression follows from the stationary phase method in the variables 
xi, rfi [26], whereby we notice that the critical point of the phase in (14.141) . {x\^r(i), 
satisfies 



xl = yi + 0[ ^ , r^i'^ = i{zi -yi)+0 

\\zi-yi\ J \\zi-yi\ 

It follows that the phase in fl4.14p is a well-defined holomorphic function of zi in a 
region 1 <C |2;i — <C 1/^^^^, |Im2;i| ^ \Rezi—yi\, and enjoys the same estimates 
as in ^M), ^M), 

Here, as before, the estimates on the derivatives of follow from the Cauchy inequali- 
ties. 

It follows from fl4.14p that 

T~^Gu{zi,y2, m) e (4.16) 
in the region 1 ^ | Im Zi | ^ ? where 

^iizi,r]2) = sup ( -]-Re{zi - yi^ -lm^^{zi,yi,-,r]2)) (4.17) 
= ^(Im^i)^ + $2(^1,^/2), 



and 

The critical point corresponding to the supremum in f l4.17p satisfies 

yl = Rez, + o(^-^^^. (4.19) 

Using (14.151) together with a scahng argument very similar to the one described in 
detail in the proof of Proposition 4.3 below, we see that the (9-term in (14.191) satisfies 



It follows that for $2(2^1, ''72) in (I4.17P we have 



4e.,5U<f2(;^l,r]2)=0 
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If we now let G denote the full 2- variable operator in (I3.37p . we get from (14.141) . 

Tj^^^Gu = C2h-h-'i-' jf^gt(t(.i-i/i)^+^M(-i,yi,^'?2))+i(i(.2-x.)2+(x.-,.),,2) ^4_2o) 

h — — 33 

X b{zi,yi, -, 772; h)u{yi, ^2) dyi dy2 dr]2 dx2 = C^h'ih'^ x 

where the last identity follows from stationary phase in X2, ?72, and satisfies the 
same estimates as 

dlA.^, = O,, I I . (4.21) 



IT |1+' 

|lm Zi\ 



It follows that 



T-^^^Gu e //$3,„ <l>3(2;i,Im2;2) = ^{Imzi f + ^(Imzs)' + $4(^1, Imza), (4.22) 
and 

dL,,i^A.M^u Im^2) = Om ( ) • (4.23) 

\ |Imzi| J 

Here $3, $4 are independent of Re2;2- 

The discussion above is summarized in the following, somewhat informal, proposi- 
tion. 



Proposition 4.1 Let us assume that e ^ h and set h = /i/i/e. Via the {h,h)- 
Bargmann transform Tj^^^ defined in (14. lip , the formal space (^(-^^(T^)) corresponds 
to the weighted space of holomorphic functions H^^ ^ in the region 1 ^ |Im2;i| ^ 
|Im2;2| <^ 1. The weight $3 = $3(2:1, 11112:2) is such that 

$3(21, Imz2) = ^(Imzi)2 + i(Im22)' + $4(^i,Imz2), (4.24) 
where the perturbation $4 satisfies 

5U,im..5U*4(^i,Imz2) = Om I ] . (4.25) 

y|Imzi| J 

The corresponding statement also holds when considering the formal space (^(//^(T^)) 
of Floquet periodic functions. 

Remark. Let us remark that the cutoff and remainder errors not written out explic- 
itly in the stationary phase expansions above are all of the size (9(l)exp (— 1/C/i) = 
C(l)exp(— ^) [26], while the deviation of the weight, due to $4, corresponds to an 
exponential factor 

e^PW)7-/S)«e^P(^), 
since we work in a region where |Imzi| ^ 1. 

Remark. Constructing and working with the /i-Fourier integral operator G in the 
domain where 

for some 61 > small (see also fl3.30p ). we find that the formal space G(L^(T^)) 
corresponds, via the {h, /i)-Bargmann transform, to the space H^^ h, as in Proposition 
4.1, now viewed in the region h^^^ < \lmzi \ <^ |Im2:2| <^ 1- 

4.2 Fourier series expa.iisioiis in — spaces 

The purpose of this subsection is to obtain a relation between the 1-variable weight 
$i(^i5'72) and the 2-variable weight $3(^1, Im 2:2), introduced in (14.171) and (14.221) . re- 
spectively. The starting point for us will be the following remark concerning Fourier 
series on the FBI transform side. Let us rewrite fl4.13p with slightly different notation, 
now for a function m G of one variable only: 

G,,«(xi) = i //ei(^"(^-'^-^'^^)+(^-^^)'^0a(a;i,^i,-,r/2;/J)u(i/i)dyidrfi. (4.26) 

If M = u{yi,y2) G L^(T^) depends on 2 variables and we introduce the Fourier series 
expansion in 1/2, 

u{y,,y2) = Y,eiy^''^u{yr,kh), (4.27) 
fcez 



then 

fcez 

and therefore, applying T^^ of f l4.1ip . we get 

T~,,Gu{z,,z,) = Y,T^;^\ei--^^){z,)Tf^G,,u{-,kh){z,). (4.28) 
fcez 

Here the superscripts (1), (2) in (14.281) indicate the variable in which the corresponding 
operators are applied. A straightforward computation shows that 

(e^"^') (-22) = C/i-3e~ie^"^«2 =: 6^,(^2), C > 0, (4.29) 

and clearly, as can also be verified directly, this function is normalized in i/$(,(C/27rZ), 
^0(^2) = |(Ihi^2)^- The functions Ckh-, € Z, form an orthonormal basis in this space, 
and hence a general element of if$p(C/27rZ) has an expansion 



V = 



^VkCkh, Vk = iv\ekh)H^^- (4.30) 



We shall now pause to review Fourier series expansions in if$(C/2'7rZ), where $ 
$(Imz) is a general smooth weight such that t ^-^ $(t) is strictly convex: 



^%e^^'=^ (4.31) 

Here the scalar product 



v[z) 

fcez 



ill i /n 2$(Im2) 

^^zkh^^zth^ — W L{dz), k,leZ 

'C/27rZ 

vanishes for £ 7^ /c and for /c = £ it is equal to 

27r j e-^^''^''^'^+"''''''Ulmz, (4.32) 

which can be evaluated by the method of stationary phase. The critical point t = Imz 
in (1133) is given by <l>'(t) + kh = and ^{kh) := mi{kht + <l>(t)) = -snp{{-kh)t - 
^{t)) = —C^{—kh), where C is the Legendre transformation. Notice also that the 
critical point t can be characterized by 

2 9$ 

-— — (x + it) = kh, X eH, 
I oz 

when identifying $(z) = $(lmz). Thus, by stationary phase (the Laplace method), 
we get 



where a$(t; h) ~ ao{t) + hai(t) + ... is a positive elliptic symbol. 

For the Fourier series expansion fl4.3ip we therefore have the Parseval relation, 



V 



2 -5^/i5a$(A;/i;/i)e^^*(-'='^)|%|% (4.33) 



— 

fcez 



telling us to which weighted /^-space the Fourier coefficients Vk belong. 

Applying fl4.33p to (14.281) . (I4.29p viewed as a Fourier series in Z2 with z\ as a 
parameter, we get 



II ^7i,.GM.i,-) 111,3,,,, (4.34) 
= |C|'^a$3(,,,)(A;/i;/i)et^*^(^^'-'=^)-^ |rf Gfc,M(-, A;/i)(^i) f • 

Now recall that the weights $3 and $1 have been chosen so that 

1 1 ^i^hGu ~ 1 1 M I li2(T2) = ^\\uk I |i2(Ti) (4.35) 



fcez 



El I TrGkhUk I Ih 



kez 



where as in (I4.27p . u{yi,y2) = J2kez^^^^^^k{yi), and thus we want the last member 
of (14.350 to coincide with that of (I4.34p after an integration with respect to zi. This 
means that 



-(£$3)(2i, -kh) - = j^^ii^u kh), 



so that 



iC^,)iz,,-r]2) = ^vl - v^$i(^i,r/2). (4.36) 
When verifying (14.361) . we recall from (I4.17P that 

^i{zi,m) = sup (-l-Re{zi-yi)^-lm^f,{zi,yi,-,r]2)]. (4.37) 

J/16R V ^ ^ / 

We need a similar formula for $3. To that end, let us notice that in (I4.20p we can 
insert an intermediate step, where we only integrate with respect to X2, and exploiting 
that 

j ^i{x2-y2)v2-^(x2-z2? = V27r/ie^^'''~^^^''^"^''^ 

we get 



h 

X b{zi,yi, -, 772; h)u{yi, 1/2) dyi dy2 dr]2. 



The formula for $3 becomes 



$3(^1, Imz2) (4.39) 

Je 1 
—Re (zi - yxf - v^Im^^ - Im (^2 - i/2)^?2 - 7^ Re 772- 



sup sup vc^2 



For ?/i fixed, the ^'^Vy^^-R.^^m corresponds to taking the critical value with respect 
to 1/2 5 ^2 and the criticality with respect to 1/2 requires 772 to be real, making the right 
hand side independent of 7/2- Thus "vc^j" fl4.39p can be replaced by "sup^^sr" ^^"^ 
we get 



$3(^1,111122) (4.40) 
sup sup -^Re(2;i - ?/i)^ - ^\va.^^,{zx,yx, -,V2) - \ril -^^"^^2 

sup v^$i(zi, 772) - \ril - ?72lm ^2 

r?2GR Z 



>C^2-Im^2 Q^2 - V^"^'l(^l,^2)^ (-ImZ2). 



With f{rj2) = ^f]2 ~ V^^ii^ij V2) , Ju{t) = u{—t), and zi treated as a parameter, fl4.36p 
reads 

JC<i>3 = f, 

while (14.401) tells us that JCf = $3. Since = £^ = 1 and JC = CJ, we then see 
that (gSSD follows from flOOD . 



Proposition 4.2 Let the strictly plurisubharmonic weights ^i{zi,ri2) and $3(2:1, Im ^2) 
be defined in (14.171) and (14.391) . respectively. Then we have the relation 

(£im,2-'y2'^3) (^1, -V2) = \ril - ^^i{zi, V2)- (4.41) 

Here Cf{^) = sup^(x^ — f{x)) is the Legendre transform of a strictly convex smooth 
function / : R ^ R. 

It follows that if we have an expansion of u & H<s>3,h, 

Uk{zi)ekh{z2), ekh{z2) = Ch-^e- — e^'^'"', C > 0, (4.42) 

fcez 



then 

ll-llL3.-Ell-^llk,,..,,r ^4-43) 

feez 



4.3 Comparison with the ordinary transform away from Ai^ 



This subsection is a preparation for defining the global Hilbert space by gluing together 
the local constructions near Ai ,, to the weighted spaces that we used in [18]. This 
discussion will be continued in section 5. 

In subsection 4.1 we have analyzed the space ^G(L^(T^)), h = and iden- 
tified it with a weighted space H^^ h of holomorphic functions defined in a region 
where 1 -C |Im2i| -C |Im2;2| -C 1. We shall now see that restricting the atten- 
tion to a region where |Im2;i| ^ e^^^^, we can identify this space with a weighted 
space of holomorphic functions on the T/i^/j-transform side. Specifically, when studying 
Th,hG{L'^{T'^)) as a weighted space, we shall show that the region |Imzi| ^ e^i on the 
T^^-side corresponds to a region |Imzi| ^ on the Th^h^side. 

All the work will concern the variables of index 1, and therefore we shall restrict 
the attention to the one-dimensional situation for a while and consider (as appears also 
in the discussion of the second microlocalization in Chapter 16 of [26]), 

ThT~\{x) = Ch-lh~-^ j j e~^("-*)'+ife(*-^)'u(y) dydt. 

Eliminating the t-integration by exact stationary phase, we get 

ThT~\{x) = C{1 + 0{^))h-^h--i j e^^^^'-y^'uiy) dy. (4.44) 

Let us consider first the operator T^T-^ as a map from H^^j^ to H^^^h with ^o{x) = 
i(Imx)^. Considering the reduced kernel of (14.441) . we then want to look at 

-^{ImxY + Re - yy + ^(Imy)' (4.45) 

21- 

^ -^^y f - 2(1-^) 

This means that we can choose the integration contour Key = Hex in (I4.44p , and using 
Schur's lemma we see that 



(Rex — KeyY [ (Ima;)^ H ^ _ (Ima: — Imy)^ — y/e^lmyYj 

2 V 1 - / 



1/2 



X V2 



1 1 



0{l)h'^h-^ {-] = 0{l)e^-^ = 0{l)e 



Here H^^j^ = H^^^^ j^. We notice that the factor e here represents a loss, since we 
know that ThT~^ : H^^j^ — > is unitary, modulo exponentially small errors. The 



loss is due to the fact that here we are using contour integrals as a preparation for the 
next case when the weights are no longer the standard quadratic ones. 

Let us pass from y/e^o{y) = ^(Imy)^ to 



$3(?/) = ^(Imi/)2 + $4(y) (4.46) 



in (USD, f03|l . with 



5Re/U*4(?/) = O (^^^^^ j , l«|Imy|«i=. (4.47) 

(Here we continue to neglect the dependence on the variable of index 2.) When defining 
ThT~^ on H^^ h we need to choose the integration contour in (I4.44p passing through 
the critical point of 

y^Re Ij^^i^ - y? + (4.48) 



= ^^^(Rex - Rey)^ ^ ( Imw — + -(Ima;)^ + $4(w). 

21 2(l-v^)V y 2^ ' 

We shall now discuss the estimates on the critical point y{x) in fl4.48p . Using (14.471) . 
we see first that the criticality with respect to Imy means that 

, ( 1 A Imx 

Imy X + O ^- -— = 4.49 

Vv^(Im?/(a;))V ^ 

Working in a region where 

1 



^Je\\va.y\ 

we then see that 



< |lm'i/| so that |lmy| > e (4.50) 



Imy(x) = + O f ) . (4.51) 



Considering the Re y-gradient of the phase in fl4.48p , we get 



Rayix) = Rex + O ( ,^ \ 1 , (4.52) 

\lmy[x) 



and in view of (14.511) 

T^P vix) = Re x -\- O ( 

\lmx 



Rey{x) = Rex + O {-^] . (4.53) 



Proposition 4.3 The critical point y{x) in (14.481) satisfies 



|Ima;|/ ' ^/e \\lmx 



2 / ' 



where the remainders enjoy the following symbolic estimates: for each k, I E 'N , we 
have 



(4.54) 

Proof: The proof is a rescaling argument. With Hex = t, = s, |s| ^ the 
equations (I4.49p and (I4.52p become, if we write Rey = u, Imy = v, 



with 



u = t + f{u, v) 
V = s + g{u,v), 



dtdlfiu, v) = 0\^\, d'Mu, v) = 



(4.55) 



\v\ J Vv^l^l 
Assume that s ~ Sq, |so| ^ e~^^^^ and write v = j^. Then (14.551) gives 



u = t + f{u, Sqv) 
v = s + j-g{u,sov). 



(4.56) 



Here we have written s = s/sq. Now 



dtdif{u,sov) = 0{-^] <t:i, 



\so\ 



dtdi-g{u, sov) = O [ ) « 1, 

and we conclude that u = u{t,s) and v = v{t,s) with d^d^^u = C(l), d^d^v = 0{1). 
Reinjecting this information into (I4.56p . we get 

u = t + a(t,s), v = s + b(t,s), 

with 

d^dia = O ( ^ ) , d'ld^J) = O ( ^ 

Using that ds = sods, we get 

u = t + 0{^], d'd[o(-^]=0 



■5 / Vr / \ \s\ 



and 



r\ |2 i ' ^t^s^ \ i-\ (2 ] ^ \ ,2+1 

The symbolic estimates (I4.54p follow and this completes the proof. □ 

Choosing the integration contour {y; Rej/ = Re?/(x)} in fl4.44p passing through the 
critical point y{x), and noticing that the Hessian of the phase occurring in fl4.48p 
along the contour is negative definite, we obtain that ThT^^ becomes a well-defined 

operator of norm 0{e~^) from Hij>.^ h to H^^ h, where 

$5(x) (4.57) 
jdmx) +-_(Rex-Re,) - ^^^—^ (^Im , - _ j j , 

Using the estimates fl4.5ip and fl4.52p . we see that 

+ + (4.58) 

In view of f l4.50p . the strictly subharmonic function $5(x) is naturally defined in a 
region e^^^ <^ |Imx| <^ 1, and therefore we get 

$5(0;) = i(Imx)2 + C (-^ ) . (4.59) 
2 \ I Im a; I / 

Estimating the derivatives of $5 using Proposition 4.3 and adding the dependence on 
the variable X2, we get the following result. 

Proposition 4.4 Let us consider the weight $3, defined in fl4.39p and satisfying fl4.46p . 
(I4.47p . Working in a region e^^^^ <^ \lmyi\ e'^^"^, |Im?/2| we have 

n^.T^^l = 0{l)e--s : if$3,, ^ (4.60) 

where the strictly plurisubharmonic function $5 is given in f l4.57p and is defined for 
e^^^ -C |Imxi| <C 1, |Imx2| -C 1. We have 

<l>5(x) = ^{Imxf + <!>Q{xulmx2), (4.61) 



where 



dLx.MAx^M^i, Imxa) = Oki ^ (4.62) 



Remark. Let us notice that we would also obtain the weighted space H^p^^h more directly 
by studying ThGu in the Xi-variable, with G given in iK^ and u e L^. Notice also 



that the canonical transformation associated to Th hT~ ^ in (14.601) is kt-, , o n^p} , and 

' h,h ^ ' ^h,h 

since in view of ( I4.12p . 
we get, using (14. 51) . 



(4.63) 



The weights $3 in fl4.46p and $5 in (14.571) are related through the formula 

oft:-i (A$3) =A$^. (4.64) 

' h,h 

4.4 Microlocal Hilbert space in a full neighborhood of Ai^ 

Let us return to the situation discussed in section 3, and recall from (13.141) that the 
action of on F(Lg(T^)) is, microlocally near ^ = 0, equivalent to the action of 

F-^P,F = P^ixi, hD,- h) + i?,(x, hD,- h) 

on -L^(T2). Recall also from (iJ]) that 

G-^M'^P^MG = P"{hD^- h), 

the operator P'J{hD.j.;h) being defined in (I3.36p . With h = in Proposition 4.1 
we have identified ^G'(L^(T^)) with a space of holomorphic functions H<^^ h in the 
region 1 < |Imzi| < |Im2;2| < 1, with $3 as in (I4.24p . (14.251) . Now let us 
extend $3(-, Im2;2) from the region < |Imzi| ^ for i? ^ 1, to the entire domain 
|Im2;i| <^ --1| so that we still have as in Proposition 4.1, 



$3(^1, Imz2) = ^(Im2;i)^ + -{IVCIZ2Y + $4(2:1, Im 2:2) 



with 



5L,M..5U'^'4(^i, Im Z2) = 0,1 (^^^-^-^^ , i? » 1, (4.65) 
and with <l>3, $4 still independent of Rez2. It follows that when 



2 9$3 

(2:1, Ci, 6) G A$3 = <j ( X, --^ 



then Ime2 = -^ = 0. 



Recall that in subsection 4.1 we have defined a microlocal Hilbert space in a fixed 
neighborhood of 

U Kexv < 5o < 1, 

|£^|<<5o 

but away from a -^-neighborhood of that set as FMG(Lg(T^)). Here the tori ^E,i,r 
have been introduced in (13.51) . Having extended $3, we now fill the gap by replacing 
Gi^LliT"^)) by T-^Hi^^h, and introduce a microlocal Hilbert space defined in a full 
neighborhood of Ai and given by 

FMT~lH^,,,. (4.66) 

Here it will be understood that the elements of H<j,^ h are Floquet periodic as in (13.91) . 
In what follows, in order to simplify the presentation, we shall neglect the Floquet 
conditions and work under the assumption that the elements of the weighted space 
Hq,^^h are 27rZ^-periodic functions. It will be clear that the discussion below will 
extend to the Floquet periodic case. Also, in (I4.66P we are identifying a neighborhood 
of Ai ,, with a neighborhood of the zero section in T*T^ by means of the canonical 
transformation Kq in (13.21) . 

Micro locally near Ai^^, the action of on the space (I4.66P can be identified with 
that of 

Ti,,M-'p:MT~-1 + T~,,,M-'R,MT~ l =: + (4.67) 

on H^^^h, in view of (l3A4ll . The operator ^M'^P^M is given by fl3:20D with ^2 replaced 
by hD^^. The operator therefore becomes, with /i = y/e, 

-Pe = -p(/(6),6)+^7(/(6)+/"/i^.,,6)(/^^xJ' (4.68) 

e e 

+0(h^){xi+ihD^,J{^2)+fihD,,,^2), 

where we replace ^2 by hDx2i since the /i-Fourier integral operator T-^'* is a convolution 
operator with the associated canonical transformation (yi,?7i) 1-^ {yi — irii,r]i), and 
similarly for T^^"*. From (13.151) we also find that 

1 ~ . ~ . , X „ / ^r , AT N —NS 

e 

To study the operator in (I4.67p . we take a Fourier series expansion in X2 of a general 
element u G -ff$3,h, 

u{xi,X2) = '^Uk{xi)ekhix2). (4.70) 
fcez 

Here the functions ekh{x2) have been introduced in (I4.42p . From Proposition 4.2 we 
recall that 



ip,(xi, ei, X2, 6; h) = (e^ + /i^ + ^i"^) . (4.69) 



u 



|2 



f * <I>i (-.kM.h 



1*3, h I I I '"<S>-t^(-,kh),h 

fcez 



and correspondingly, 



-P^u = ^ -Pe (^Xi, hD^^, kh; Ukixi)ekhix2] 
kez 



Therefore we have to study 



-Pe{xi, hD^^,kh; h) : H^^^ 



Here we recall from (14.1 7p and (14.181) that 

*i(a;i,^2) = ^(Ima;i)2 + $2(xi,r72), $2(3^1, = ( ^ 

I V Imxi 



(4.72) 



(4.73) 



(4.74) 



is defined in the region R < |Ima;i| ^ and when extending the definition to 
the domain |Imxi| < R, we use Proposition 4.2. Using also (14.651) . we see that the 
representation (14.741) holds in the entire region |Imxi| ^ with 



P> 1. 



(4.75) 



In the region where |Imxi| ^ 1, we have, from Proposition 3.1, 

Pe = Tr,GP''G'^T~\ 

^ h,h £ h,h' 

and correspondingly for 1-variable pseudo differential operators: 

-P,ixuhD,„kh; h) = -T~^GkhPe(hD,,,kh- h)GllT~ 

£ £ 



(4.76) 



h 



(4.77) 



Here Gkh is defined in (14.261) and P'^ihDx^, kh] h) is given in (13.361) : 

£ £ 



(4.78) 



+Opr O 



1 



where 



R{hD^^,^2,£; h), 



R^^y£-^'^Rj, Rj = 

J=2 













1 








v 







An application of Egorov's theorem then shows that in the region where |Ima;i| ^ 1, 
the symbol of -Ps{xi, hD^^, kh] h) restricted to 



A<i.i(- 



(•,fc/i) 



X 



9$i(a;i, kh) 
dxi 



can be identified with the symbol of (14.781) restricted to T*T^, modulo an error 0{h). 
Let us notice also that if (xi,^i) G A$^(. fc;i) then from (14.741) . (14. 75 p . 

and 

~ ~ 2 

SO that the imaginary part of the term g{f{^2) + ^£^1,^2)^1 , occurring in the symbol 
in (14.681) . restricted to A$^(. ,,2=^/1), is small, when |Ima;i| = 0{1). 

We shall finish this section by discussing the action of the remainder in (]4.67p . 
^Rs{xi, hDx^, X2, hDx^', h), on H^^^h- In doing so, we shall work, as we may, with 
the classical rather than the Weyl quantization. We shall study the scalar product 

Uk{xi,X2) =Uk{xi)ekh{x2), ue{xi,X2) =ue{xi)eeh{x2), k,ieZ,k^i. 
Here we have 

\kh\<l, \eh\<l, (4.81) 

for some C ^ 1. Let us consider first 
^ [ -ReixuhD,,,X2,kh;h)uk{xi)e^^^'''^'''e-^^^'^^^ (4.82) 

Jc/2ttZ ^ 

which is equal to 

J ^ReixiJn^^r + il^X2, kh; h)ukixi){i- k)e~^^'^'^''''^'^''^^-^^ (4.83) 

where ^Re{xi, hD^^, ■ + ilmx2, kh] h)uk{xi){i — k) is the Fourier coefficient of 

R/27rZ 3 Rex2 ^ -Re{xi, hD^^, Rex2 + 2lmx2, kh; h)uk{xi) 
at the point i — k, and is therefore equal to the Fourier coefficient of 

R/27rZ 3Rex2^ -Rs{xi, hDxj^,Rex2, kh; h)uk{xi) (4.84) 
at the same point times q'^^-^)^"^'-^'^ , it follows that (14.821) is equal to 

^Re{Xi,hD,„ -, kh; h)Uk{Xi) \ {I ~ k) j g-f {*3(-i,Imx.2)+ftImx2) ^j^^^^ (4_g5) 



and evaluating the integral in (I4.85p by the method of stationary phase, as in subsection 
4.2, we get 

-R,{xuhD,„ -, kh; /i)nfc(xi) j (£ - fc)/iia$3(,,,)(£/i; /,)ef ^*3(xi,-^/»). (4.36) 

Here the amplitude a<s,^[xi,-) is as in fl4.34p . 

When estimating the first factor in fl4.86p . we recall that as in [26], modulo an error 
that is 0{e~^^^'^), C > 0, we may write 

^Rs{xi,hDx^,X2, kh] h)uk{xi) (4.87) 
eh''''^~'^^^^^-Re{xi,ii,X2,kh]h)x{xi - yi)uk{yi) dyid^i, 



27Th 



where x is a suitable cutoff in a neighborhood of 0, and in f l4.87p we choose a good 
contour adapted to the weight ^i{-,ih) and given by 

2d^i{xi,eh) 



6 = - ' + ^C{x, - yi), C » 1. 

It follows, using also fl4.69p and (14.740 that the absolute value of the kernel of 

e ^ 

does not exceed 

h ^ ^ 

and since ^i{xi,rj2) is defined for |Imxi| < i? 1, it follows that the H^^^^^^^^j^- 
norm of (14.870 does not exceed, uniformly in X2, |Im X2I -C 1, 

o(e'' + h'' + ^ \\uu\\h 
Shifting also the contour of integration in X2, we conclude that the H^^^ ^-norm of 

xi ^ (^Re{xi,hDx^, -, kh; h)uk{xi)j {i - k) (4.88) 

can be estimated by 

0(^" + ft" + ^)e-"-'"°'"l|5.ll«.„„„,,, (4.89) 
Combining (14.860 . (I4.89p . and Proposition 4.2 we see that the scalar product 

{^R,u,\ue)H^^,, (4.90) 



can be estimated by 



o(e'' + h'^ + ^] e-l'=-^l/^(i)et(^^-^^) 1 1 u^Wh ~\\ui\\h - (4.91) 

Here when considering u^., we want to replace by kh), and according to 

(14 .75 p . we can do it at the expense of the exponential factor exp (0(1) ); which 

is permissible due to presence of the factor exp (— |A; — £| /0(1)) in (14.911) . Taking 
into account also (I4.8ip and (14.430 . we may summarize this discussion in the following 
result. 

Proposition 4.5 Assume that k,i E Z are such that (I4.8ip holds, and make the as- 
sumption (14.690 . Then the scalar product 

(-RsUk\uej , 

where 

Uk{xuX2) = Ch-h-^e^^^^^''^Ukixi), Mfc(xi) G H^^^^ ^^f^^-^, C > 0, 
and ug is defined similarly, can be estimated by 

O (e^ + + ^) e-l'^-^l/^W 1 1 u, I U,3, 1 1 1 1^,3, , R»l. (4.92) 



5 Global Hilbert space and spectral asymptotics for 

Pr 



5.1 Behavior of the Diophantine weight near Ai^ 

Let us recall from the introduction that our spectral parameter z varies in a rectangle 
of the form 



iRezI < 



\tsiz 



< 



o{ir 



where Fq G Qoo(Ai,r) satisfies ([LSD, ^M), ffL27D . and ^M). Recall also that we 
assume for simplicity that L = 2 in (11.211) and L' = 1 in (ll.25p . 

In the absence of rational tori corresponding to the energy level (0, sFq), the global 
weight that we used in [18] when away from a small but fixed neighborhood of U^^j^Aj^^, 
was coming from an averaging procedure along the ifp-fiow, and it is the weight that 
we should use in the present case, also when away from a neighborhood of Ai Fol- 
lowing [IB], we shall now recall the definition of the weight in question. 

Let < ii: e C^(R) be even and such that / K{t)dt = 1. When T > 0, we 
introduce the smoothed out flow average of q, 



J KT{t)qoexp{tHp)dt, Kt 



it) 



:K 



(5.1) 



the standard flow average in (11.141) corresponding to taking K = l[_i/2,i/2]- Let Gt be 
an analytic function defined near "^(0) nR^, such that 

HpGr = q - {q)T,K. (5.2) 
As in [T8], we solve (15.21) by setting 

Gt = j TM-t)q o exp (tHp) dt, Mt) = i J (^|^ , (5.3) 

where the function J is compactly supported, smooth away from 0, and with 

J'{t) = 6{t)-K{t). (5.4) 

The behavior of Gt near the Diophantine tori A^ ,;;, j = 1, 2, as T — oo, has been 
analyzed in [18]. We shall now consider the behavior of Gt near Ai Passing to the 
torus side by means of the canonical transformation in (13. 2p and composing p = p(^) 
in (13.81) with km in (14.21) . we may reduce ourselves to the case when 

^^1,6) =p(/(6),6) + ^?(ei + /(e2),e2)e?, /(o) = o, (5.5) 

where g{0,0) > 0. The expression (15.31) gives 

Gt{x,0 = j ^(-|) li^ + tp'iO,Odt, 
and expanding g(-,0 ^ Fourier series, we get 

Gt{x, 0= E TJ{Tp\0 ■ Oe^"', (5.6) 

since it follows from (15.41) and the fact that K is even that J(0) = 0. Here q{k,^) are 
the Fourier coefficients of q{x,^) and J(r) = J e~**'^J(t) dt is the Fourier transform of 
J. 

We write 

Gt{x, = Y1 TJiTp\i) ■ k)q{k, Oe-' + Yl TJiTp\i) ■ k)q{k, Oe"'" = 1 + 11, (5.7) 

k2f^0 k2=0 

with the natural definitions of I and II. When estimating I, we notice that when ^2 7^ 0, 
|p'(0 ■ k\ > Ip'^M -C\^i\ \ki\ > 1/2, C > 0, provided that 2C |^i| \ki\ < 1. (Here for 
notational simphcity we assume that \p'^^ \ > 1.) Let now < x ^ C'^f ((— 1, 1)) be such 
that X = 1 on [—1/2, 1/2] and write, using also (15.41) . 

I = 5^x(2C|6||fci|)TJ(Tp'(0-A;)g(A;,0e"-' (5.8) 
+ 5^(1 -x(2C 161 \k,\))TJ{Tp'{0 ■ A:)g(A:,Oe'"-' 

+ 5^(1 - x{2C 161 \k,\))TJiTp'{0 ■ k)q{k,i)e^^-K 



It is easy to see that 

1 = C»(l + T|eir), T>1. (5.9) 
When considering the contribution coming from II, we notice that 

II = TJ{Tp'^^h)e'^^'^q{k,0 (5.10) 

^ 1 - K(Tp' ki) . , 

and therefore, since [p'^J ~ |^i|, in view of (15.51) . we get uniformly in T > 1, 

II = 0(1)^. (5.11) 
Combining (15.111) with the bound II = 0{T), we get 

Proposition 5.1 Let Gt be defined in (15.31) . (15.41) . so that it satisfies (15. 2p . Assume 
that near ^ = we have 

Mei,6)=p(/(6),6) + ^(ei + /(6),6)e?, /(o) = o, ^(o,o)>o. 

Then 

GT{x,0 = o(^l + T\^,r + ,^j^^y T>1. (5.13) 

5.2 Global Hilbert space and the reference operators 

In the first part of this subsection, we shall construct a global /i-dependent Hilbert space 
where we shall study resolvent bounds for P^. The Hilbert space will be associated to a 
globally defined IR-manifold C C'*, which in a complex neighborhood of j9~^(0)nR'^, 
away from a sufficiently small but fixed neighborhood of 

U Aexv 0<(5o<1, (5.14) 

\E\<So 

and away from a small neighborhood of IJj=i ^^^^ t)e given by 

A, = A,Gr ■■= {exp itEHG^)ip); p G R^} C C\ (5.15) 



Here the function Gt has been defined in (15.31) . In view of the assumption (11.281) and 
Lemma 2.4 of [18], the imaginary part of Pe in (ll.lOp along A^ in this region avoids the 
value eFq, provided that T is taken sufficiently large but fixed. 



When defining the global IR-manifold near the union of the Diophantine tori 
^j,di j = 1;2, we follow the procedure of |18], implementing a Birkhoff normal form 
construction there. Therefore, it only remains to discuss the definition of A^ in a full 
neighborhood of Ai and how to extend it further to A^g^ in (15.151) . 

From the discussion in section 4, we know that near (15.141) . on the torus side, ^^(Ag) 
should agree with the microlocal Hilbert space 

FMT~-lH^,,,, (5.16) 

introduced in (14.661) . Now let us recall from Proposition 4.4 that in the region where 

< |Imxi| < |Ima;2|<l, (5.17) 

on the ^-transform side, we have an identification T~^H^^h ~ T^lHij,^^^h, with the 

weight $5 having the properties described in (I4.6ip . (14.621) . Moreover, on the Th^h- 
transform side, the region in (15.171) corresponds to a region where e^^'^ <^ |Ima;i| <^ 1, 
|Imx2| <^ 1. In this region we may therefore identify the microlocal Hilbert space in 
flSTTe]) with 

FMT^lH^.^,j, = MT^^lH^,,,, (5.18) 
where the smooth strictly plurisubharmonic function $7(x) is such that 

f^Ti,,h ° i^M °^^e° Km o f^rl^ (A$J = A$,. 

Here ^ : {y, tj) ^ {y — irj, rj) is the canonical transformation associated to the 
Bargmann transform Th^h on T^, given in (14.41) . The transform corresponding to 
the operator F has been introduced in (I3.12p . 

The transformation kJ^ o k^ o km is (9(e)-close to the identity in the C°°-sense and 
hence it follows from Proposition 4.4 that 

<l>7{x) = %{x) + <^six), %{x) = ^{lmxf, (5.19) 

where the perturbation $3(2;) satisfies 

In particular, the Hessian of $7 is uniformly bounded in a region where e^^'^ <^ 
|Imxi| -C 1, |Imx2| <^ 1. 

We conclude that near (I5.14p but away from an (9(£:^/^)-neighborhood of that set, 
we should choose 

K = f^o^ °fie° i^M o Ky^\(A$5) = Kg ^ o Km o /tr^^ (^*7) (5-21) 
where kq is the action-angle transform defined in (13. 2p . 



We shall now glue the manifolds A^Gj, in (15.151) and in fl5.2ip . To that end, from 
subsection 5.1 we recall that we have simplified the symbol p in (13.81) by composing it 
with the transformation km in (14.21) . Hence 



where Gt ■= Gt^ o km is given in Proposition 5.1. Recall next for example from [5] 
that if $d is such that ^(A^Gt) = A$^, then 

$^(a;) = %{x) + eGriRex, -Imx) + 0{e^ iVGrf). (5.22) 

Let X = xO-^^i) ^ C^, < X < 1) be a standard cut-off function in a sufficiently 
small but fixed neighborhood of 0, and consider 

$(x) = x(Imxi)<l>7(x) + (1 - x(Imxi))<l>d(x). (5.23) 

The function $ is strictly plurisubharmonic in a region e^^^ <^ |Imxi| < ^^y? II111X2I < 
Moreover, it follows from fl519D . (K20^ . (K22^ . and Proposition 5.1 that 

$(x) = $o(x) + <l>9(x), (5.24) 

where $9 and its derivatives satisfy the same estimates as ^si^) in (15.201) . It follows 
that in a fixed neighborhood of the set in (I5.14p but away from its e^/^-neighborhood, 
the IR-manifold A^ is defined as 

K = f^o^ okmo K-^^l^ (Aj) , (5.25) 

and we need to fill the remaining gap. To that end, it will be convenient to go back to 
(I5.16P and to work on the ^-transform side. Let us recall the relation (14.641) between 
the weights $3 and $5, 

with the transform i^t^^^ o k^} defined in (14.631) . Corresponding to the weight $ in 

' h,h 

(I5.23p . on the T/^^/j -transform side, we introduce a weight $(x) on the ^-transform 
side given by the analogous relation 

^n^n ° '^tI^ (A$) = Aj. (5.26) 

We have 

$(x) = ^(Imxi)2 + ^(Imxs)' + $io(x), (5.27) 

where $10 and its derivatives satisfies the same estimates as $4 in Proposition 4.1. 
Moreover, in a region where e~^/^ <C |Ima;i| <C |Imx2| <^ 1, the weight $ is an 

C(-v/e)-perturbation of $3, and as such it extends to the entire region |Ima;i| <C 
|Imx2| <^ 1, in the same way as in subsection 4.4. 



The definition of C in a full neighborhood of Ai^^, including the gluing region, 
is then as follows, 

As = ^ o Km ° i^T~^ (^$) • (5.28) 

where the transform kt- ^ has been defined in f l4.12p . Further away from Ai^^, we have 
As = AeGj. in (15.151) . and when approaching the Diophantine region Ai^^ U A2,d, we 
define A^ as in [18|. This gives a global definition of the IR-manifold A^ C C^, which 
agrees with R"^ outside a bounded set. 

Let T be the standard FBI-Bargmann transform, defined as in as in (14.41) . acting on 
L^(R^), and with the associated canonical transformation kt : T*C^ — r*C^, defined 
as in (14. 5p . From p2j we know that away from a neighborhood of the rational region, 
we have 



«t(A, 



Aa 



i dx 



(5.29) 



where $e is strictly plurisubharmonic with — $o = C^i^), V($e — $o) = C'(e), 
^o{x) = \ (Imx)^. Associated to A^, we then introduce a global /i-dependent Hilbert 
space i^(Ae), which agrees with L^(R^) as a set, and which is equipped with the norm 



u 



T{1-x)u\\h.^ 



Tz,M''F-'U-\u\\h. 



(5.30) 



Here x ^ C*^(Ae) is a cut-off to a small neighborhood of the rational region, which we 
quantize as a Toeplitz operator on the FBI-Bargmann transform side — see also the 
following discussion in this section. The elliptic Fourier integral operator U quantizes 
the action- angle symplectomorphism in (13.21) . 

We shall now introduce a more precise description of the spectral window to which 
the spectral parameter z is confined. In doing so, let us recall the assumption (11.271) . 
and assume, in order to fix the ideas, that Fq < {g)(Ai ,,). Introduce a rectangle 



e 


e 








+ ie 


."Co' 





-^0 - ^,-^0 + ^ 



(5.31) 



where Co > is large enough. Moreover, we shall take C2 > 1 so large that 

Im z 



< (g)(A 



l,r) 



z e Rf. 



(5.32) 



We further take Ci > so that 



Fo-7^<infgoo(Ai,,). (5.33) 

Our goal now is to construct a trace class Toeplitz operator K : H^A^) H^A^) such 
that the operator 

- (Pe + isK - z) 



becomes elliptic, in the /i-pseudodifferential operator sense, in a full neighborhood of 
Ai for z varying in fl5.3ip . To this end, we shall restrict the attention to the rational 
region. 

When constructing the operator we recall that microlocally near Ai^^, the action 
of Pg on H{A^) can be identified with the action of the operator in fl4.67p on the weighted 
space H^.^ h. In what follows, as in (14. 72 p . (14.730 . we shall consider the one-parameter 
family of operators ^P^{xi, hD^-^, ^2] h) acting on H^^^ ^^j^, where ^2 is given in (I3.16P 
and 

ko{a2)\ S2 



16 



h k 



4 / 27r 



< 1. 



We now claim that for 2; G C in the domain (15.3 ip and in the region where |^2| 3> £, 
the elliptic bound 



1 ~ ~ z 

-Pe{xi,^l,^2] h) 

8 8 



holds true. Here ^1 = f||^(a;i,^2), so that (xi,^i) G A$j(.^g2). When verifying (I5.34p . 
we recall from subsection 4.4 that in the region where |Imxi| ^ 1, the symbol of 
^Ps{xi,hDxj^,^2] h), restricted to A<j,j(. ,f2), is identified with the symbol of (I4.78P re- 
stricted to T*T^, modulo 0{h), and (15.340 follows by considering the imaginary part 
of i (^Pe{xi, ^1, ^2; h) - z^, and using (15.320 . 

It remains therefore to check (I5.34p in the region where |Imxi| = 0{1). Here it 
follows by considering the real part of -Pe{xi,^i,^2] h) — - in (14.680 and using that 
p(/(6),6) = /i(6)6, hi^2) > 0, and that ^(0,0) > 0, together with (HZi), (gSHD. 

In what follows, when considering the one-parameter family ^P^ ^xi, /iD^.'^, ^2; hj, 
we shall therefore restrict the attention to the quantum numbers A; G Z given by the 
condition 

6 = '.(*-^)-| = 0(£). (5.35) 

When ^1 = -|^(xi,6), using (lOTj) together with (gZHD, dMQ]), we get, for |Imxi| = 

Im-P^(xi,6,6;/i) = (^r2(Rea;i,-/iImxi + /(G),6) + (- + ^ 



8 \8 R + |Imxi| 

(5.36) 

Here we recall that fi = \f8 and i? 3> 1. Furthermore, as already exploited above, in 
the region where |Imxi| ^ 1, the closure of the range of the imaginary part of the 
symbol of '^P^{x\^ hDx^^^2\ h), restricted to A$^(.^g2)) avoids the value Fq G Qoo{-^i,r)- 

For each /c G Z satisfying (I5.35p . let < = rfc(Ima;i) G C^(R) be such that 
vanishes for |Imxi| ^ 1 and such that the value Fq is away from the closure of the 
range of 

1 ~ / 2 9$i \ 
Im-P^ ( xi, --^(a;i,^2),6; ^ 1 +rfe(Imxi), (5.37) 



when |Imxi| < Ri, Ri large enough. We notice that we can take to be a suitably 

large multiple of some standard cutoff function. Associated with we then have a 
Toeplitz operator 

Top(r,) : H^^^,^^^^~, ^ (5.38) 

defined as in the appendix. Using the one-dimensional operators Top(rfc), we introduce 
an operator J'-^Top(rfe)J^^2 : H^^^h ^ H^3,h given by 

J'~/Top(rfc)j;2M(xi,X2) = ^ (Top(rfe)Mfe) (xi)e52(x2), u E H^^^h, (5.39) 

6=c(£) 

with ^2 as in fl5.35p . Here, as in (14.701) . we have written 

u{xi,X2) = ^Mfe(a;i) 6^2(^2). 
fcez 

Combining (I5.34p together with Proposition 4.5, and the construction of Top{rk), 
for k E Z satisfying (15.351) . we conclude that for z in the domain (I5.3ip . we have an 
elliptic estimate 



>7^\\u\\h,^,,. (5.40) 



Here we are also using the basic formula relating quantization and symbol multiplica- 
tion on the FBI-Bargmann transform side, established in Theorem 1.3 in [27] (see also 
section 3 of [T5]). 

Back on the globally defined manifold A^, we let now < Xo ^ ^cTl^e) snch. that 
Xo = 1 near the rational torus and with supp Xo contained in a small neighborhood of 
the torus. We then take < xi ^ C'^(Ae) supported near Ai^^, such that xi = 1 in a 
neighborhood of suppxo, and consider 

K := xiUFMT~lT-^ToY>{n)Tx,T~^^^M-'F-^U~\, = 0{l) : H{K,) ^ H{K,). 

(5.41) 

Here, as in (I5.30p . f/ is a unitary Fourier integral operator quantizing the action- 
angle transformation ^ in (13.20 . When defining the operators corresponding to the 
functions xo and Xi in (I5.4ip . we identify H(Ae) with FMT-^H^^^^h and use the Toeplitz 
quantization on the FBI-Bargmann transform side. 

Now it is clear that the operator in (I5.39P is of trace class on -ff$3,/i, with its trace 
class norm not exceeding 

3/2 ~ 



O sup 1 1 Top(rfc) \\,,<0 (^^^ , (5.42) 



since an application of Proposition A.l shows that the trace class norm of the Toeplitz 
operator (15.380 is 

o(l]=o(y^]. (5.43) 



hj \ h 



It follows that K in (I5.4ip is of trace class on H{A^), its trace class norm not exceeding 

'^3/2- 



Proposition 5.2 Let us keep all the general assumptions from the introduction, and 
assume that Fq G UAgj(5oo(A) satisfies the assumption (ll.22p -( ri.28p . Assume also that 
h <^ £ = 0{h^), for some 5 > 0. Then there exists a globally defined IR-manifold 
C and smooth Lagrangian tori Ai^d, ^24, Ai^r C such that when p G is 
away from a small neighborhood of Ai^d U A2,d U Ai^^ we have 

|ReP.(p)|>^ or |ImP,(p)-£Fo|>^. (5.44) 

The estimates fl5.44p remain valid for p G A^ near Ai ^ when away from an 0{e^/'^)- 
neighborhood of this set. The manifold A^ is close to and agrees with it outside a 
bounded set. We have 

Pe = 0{1) : H{A,) ^ H{A,). 
For j = 1,2 there exists an elliptic Fourier integral operator 

U, = 0{1) : H{A,) 
such that microlocally near Aj^d, j = 1,2, we have 

Here Pj'^\hDx, e; h) + Rn+ij{x, hDrc, e; h) is defined microlocally near ^ = in T*T^, 
the full symbol of Pj'^\hDx,e; h) is independent of x, and 

Rr,+i,{x,^,e-h) = 0{{^,e,hf+'). 

Here N is arbitrarily large but fixed. The leading symbol of Pj'^\hDx,e;h) is of the 
form 

with the differentials of pj and (qj) being linearly independent when ^ = 0, j = 1,2. 
Furthermore, there exists a trace class Toeplitz operator 

K = 0{l):H{A,)^H{A,), 

which has the following properties: 

• K is concentrated to the torus Ai^^ 'in the sense that if ip ^ C^(Ae) is supported 
away from Ai^r then 

= Ktlj = 0{h°°) : H{Ae) H{Ae). (5.45) 



The trace class norm of K satisfies 



K 



|tr 



o 



r3/2 



For p G Ag near Ki^r, we have 



\Pe{p)+ieK{p)- z\ > 



0{l) 



provided that the spectral parameter z G C belongs to the domain f l5.3ip . assuming 
(1E32D, dSJl. 

Remark. It follows from the discussion preceding Proposition 5.2 that the operator 
K enjoys better localization properties than (15.451) . and is in fact concentrated to an 
C(e^/^)-neighborhood of Ai^^ C A^. 

We shall now derive resolvent bounds for the perturbed operator + isK in the space 
H{A^). To this end, let us recall the set E^i, defined in Theorem 1.1, which consists of 
the quasi-eigenvalues z{j,k), 1 < j < 2, G Z^, introduced in (ll.3ip . We introduce 
an additional small parameter < £ = 0{h^) such that e ^ e^/^, e > h^/'^~^. Then 
it follows from Proposition 5.2 (see also Proposition 5.1 in P2j) that when p G A^ is 
away from an e-neighborhood of Ai U U Ai^^, we have 



|ReP.(p; h)\ > 



or 



\lmPe-eFo\ > 



ee 



0(1) ' ^ - - 0(1) • 

In what follows, we shall let ^ G C vary in the rectangle 



e e 



+ ie 



^0 - ^,i^o + ^ 



(5.46) 



(5.47) 



for some C > sufficiently large but fixed. Let A^^o > 1 be arbitrarily large but fixed. 
When z in the rectangle (15.471) avoids the union of £/i^°/(9(l)-neighborhoods of the 
z{j, fc)'s, we would like to show that P^ + ieK — z is invertible and to estimate the 
inverse in H{Ae). When doing so, to be able to exploit the Birkhoff normal form in 
the Diophantine region, as in we shall use a partition of unity involving cutoff 
functions to small /i-dependent neighborhoods of the Lagrangian tori. 

In what follows we shall write that a function a = a{p] h) G C°°{Ai,) is in the symbol 
class S^{1) if uniformly on A^, we have 

V^a = O^ie-"^), m > 0. 

We take a smooth partition of unity on the manifold A^, 



^ = ^Xj + + ^1 - + ^2,+ + ^2 - + ^3 



(5.4J 



Here < Xj ^ C^^A^) fl ^'^(l) is a cut-off function to an ^-neighborhood of Aj^d, 
j = 1,2, and as in |18j we arrange so that 

[P„ X,] = : H{A,) ^ H{A,). (5.49) 

The functions < iIji^± G Se{l) are such that iReP^ > e/0{l) in the support of 
ipi^±, respectively. Next, the functions < ^/'2,± ^ ^'^(Ag) fl 5'g-(l) are supported in 
regions invariant under the ifp-flow, where ±(ImP£ — eFq) > ee/0{l), respectively. 
We also arrange so that il)2,± Poisson commute with p on A^. Here we have written 
p to denote the leading symbol of Pe=o acting on H{A^). Finally, the function < 
ip3 € C^{As) n >S'g-(l) is a cut-off to an e-neighborhood of Ai^^ such that Hpips = 0. 
Moreover, we can arrange that 

^3K = K + 0{K^) : H{A,) ^ H{A,). 

At this point, we may follow the arguments of section 5 of (see also ^5j) to 
prove, using (15.461) together with the sharp Garding inequality, that when 

{Pe + ieK - z)u = v, uEH{Ae), (5.50) 

with z G C varying in (15.471) . we have 



l-J2x,-^3^u\\<^\\v\\ + Oih^)\\u\\, (5.51) 



provided that 



4 < h'. (5.52) 

Here || • || is the norm in H{A^). Let us also remark that when establishing (15.511) . 
following [15], we use, in particular, that, on the operator level. 



since h < e. Furthermore, since z belonging to (I5.47P is such that dist{z,Ed) > 
eh'^^ /0{1), directly from section 5 in [18] we see, using also (15.491) . that for j = 1, 2, 

1 1 1 1 < ^ 11^11 + 0(/i(^+i)^-^»-i) I \u\\, (AT + 1)5 - A^o - 1 > 1. (5.53) 
Combining (15.511) and (15.531) . we get 

11(1- ^3)u \\<^\\v\\ + 0(/i(^+i)^-^o-i) 1 1 ^ 1 1 _ (5_54) 

It remains to derive an estimate for ipsu. When doing so, we write 

(Pe + ieK - z) i)3U = i^sv + [Pe + ieK, ^j^lu. (5.55) 



Here 



eh 



and using (15.541) with a cut-off closer to Ai,. we see that the if(A£)-norm of the 
commutator term in the right hand side of ( 15.55^ is controlled by 



I e 



0(/i(^ 



+l)<5-Afo-l^ 



u 



Oil) 



)5-No-l-^ 



Using (I5.40p together with (15.551) and (I5.56p . we get 



1 1 < 



ee 



)5-No~2\ 



U 



\u\\. 
(5.56) 

(5.57) 



Combining (I5.54p and (15.570 . and using also (15.520 . we obtain the resolvent bounds, 
summarized in the following proposition. 



Proposition 5.3 Assume that e = 0{h^), 5 > is such that e ^ e^^"^ and that (I5.52p 
holds. Let 

e e ' 
C'C. 



z e 



+ ie 



e e 



C> 1, 



(5.5^ 



he such that dist(2;, Ed) > eh^^'' jOil), for some Nq > 1. Then, with the norm being the 
operator norm on H{As), we have 



(Pe + ieK-z)-^ II < 



0(1) 



(5.59) 



Remark. Continuing to argue as in [18] and solving a suitable Grushin problem as in 
that paper, we see that the eigenvalues of Pe+ieK in the domain (15.580 are given by the 
elements of the set in (11.310 . modulo 0{h°°), their total number being ~ ee/h"^. We 
may think therefore of P^ + ieK as a reference operator associated to the Diophantine 
region, and hereafter we shall often write 



Pd = Pe + teK. 



(5.60) 



Remark. Applying a simplified version of the argument above, we see that in the 
absence of Diophantine tori corresponding to the level (0,eFo), the reference operator 

P, + ieK-z:H{A,)^H{A,) 

is globally invertible, with 

{Pe + leK - z)-^ = o(-\: H{A,) H{A,), (5.61) 



for z belonging to the rectangle (ll.36p . Indeed, when checking the injectivity, and 
hence the invert ibility, of Ps + ieK — z, together with (15.601) . we may use a partition 



of unity of the form (15.481) . without the Xj's, with all the terms there being symbols of 
class S'e=i(l). The bound (I5.6ip is relevant for the proof of Theorem 1.2. 



In the following discussion, we shall let z E C vary in the rectangle (I5.3ip . so that 
in particular (15.321) and (15.331) hold. 

We shall now introduce a reference operator associated to the rational region. In 
doing so, we let < G C^{As) be such that = in a small but fixed neigh- 
borhood of Ai_r while = 1 away from a slightly larger neighborhood of this set, 
when restricting the attention to the region where |RePe| < 1/(9(1). Also, Xd vanishes 
outside of a slightly larger set of the form iReP^I < 1/(9(1). When C > 1 is large 
enough, let us consider the operator 

Pr = Pe + teCxd- (5.62) 

We may view Pr as a reference operator associated to the rational region. Notice that 
the trace class norm of the perturbation P^ — Pe on H{A^) is 0{eh~'^). 

Our purpose is to study the spectrum of Pe in the domain ( 15.47P in terms of the 
spectral information about the reference operators Pd and Pr in this region. In parti- 
cular. Proposition 5.3 gives a polynomial 'ml/h control on the resolvent of Pd-, and we 
also know that the eigenvalues of Pd in (I5.47P are given, modulo (9(/i°°), by the ele- 
ments of the set Ed- While the spectral information available for the rational reference 
operator P^ is not going to be as precise, as a next step in our analysis, we shall derive 
resolvent bounds on P^ in H{Ae), when z in (15.311) is not too close to the spectrum of 
this operator. 

Using the same arguments as earlier and choosing C > sufficiently large, it is easily 
seen that the operator Pr + isK — z = P^ + ieCxd + i^K — z is globally invertible on 
H{Ke), with 

{Pr + leK - zY^ = o{^: H{A,) ^ if(A,) (5.63) 

Here z varies in the rectangle (15.3 ip . Write 

Pr-z={Pr + isK - ^) (1 - is {Pr + isK - z)~^ K) . (5.64) 

Proposition 5.2 together with ( ]5.63p implies that ie {Pr + ieK — z)~'^ K is of trace class 
on H{Ae), and the corresponding trace class norm satisfies 

1 1 le {Pr + ieK - z)-' K\\t, = (^^^ . (5.65) 

It follows from ( I5.65P together with a basic estimate of [6J that the holomorphic function 

D{z) = det (/ - ie{Pr + ieK - zy^K) , (5.66) 
defined for z in the rectangle (I5.3ip . satisfies 

|D(^)|<exp fo('-^\Y (5.67) 



The zeros of the perturbation determinant D{z) in the domain fl5.3ip are precisely the 
eigenvalues of Pr in this region. To estimate the number of the zeros in such a domain, 
with slightly increased values of Cq, Ci, and C2 in fl5.3ip . it suffices, in view of Jensen's 
formula (see for example [22j) to establish a lower bound on D{z) at a single point 
z = Zq in (15.311) . To this end we notice that the condition (I5.33P allows us to find Zq in 
the domain (I5.3ip such that 

^^<infQo,(Ai,,). (5.68) 
As before, it follows that Pr — zq is invertible with 



{Pr - Zoy' = ^ • ^ ^(^^ 

We get, using (15.640 . 



(5.69) 



{I -ie{Pr + ieK - zo)K)-^ (5.70) 
= {Pr - zo)-^ {Pr + leK -zo)=I + ie {Pr - zoy^ K, 

and it follows, using (15.690 . that the absolute value of the determinant of the right 
hand side of fl5T0|) is 0{e^/yh^). Therefore, 

l^(^o)| >exp (^-ol^^'^y (5.71) 

and combining this bound together with (15.671) and Jensen's formula, we conclude 
that the number of eigenvalues of Pr in the rectangle (I5.3ip . after an arbitrarily small 
decrease of the constants Co, Ci, and C2, is 



r3/2 

7^ 



The proof of Theorem 1.2 is now complete, in view of the second remark following 
Proposition 5.3. 

Continuing with the proof of Theorem 1.1, we now come to derive resolvent esti- 
mates for the reference operator P,.. Let z in the rectangle (I5.3ip be such that 

dist(2, Spec(P^)) > g{h) > 0, g{h) < e. (5.72) 

An application of Theorem 5.1 from chapter 5 in [6\ together with (15.650 shows that 

II {l-^e{Pr + ^eK-z)-'Ky' || < ^^exp (^O (^^^^ (5.73) 

and in view of (15.630 and (I5.64p . it suffices to estimate |-D(-2)| from below, away from 
its zeros. At this point, rather than recalling the details of the now well established 
argument for that, based on Cartan's lemma (or, alternatively, on Lemma 4.3 in |30j ) 



and the Harnack inequality together with the maximum principle, we shall merely refer 
to [22] and [28], [SO]. We obtain that if z in the domain fl5.3ip . with increased values 
of the constants there, satisfies (I5.72p . then 

|flW|>e.p log (574) 

Combining (15.631) . (I5.64p . (15.731) . and (I5.74p . we get the following result. 
Proposition 5.4 Assume that z & C is such that 

|Re2;|<^, |Im2;-5Fo| < ^, C > 1, (5.75) 

with dist(z, Spec(P^,)) > g{h), < g{h) <^ e. Then 

||(P„-,)-.||<£Me.p(o(^).og-l^), (5.76) 

Here = Ps + ieCxd, where Xd ^ C^{A^; [0, 1]) is such that Xd = near the rational 
torus Ai^r and Xd = ^ further away from this set, in the region where iReP^I < 1/(9(1). 

Relying upon the resolvent estimates for the reference operators Pd and Pr, given 
in Propositions 5.3 and 5.4, we shall next address the invertibility properties of Ps — z. 
This is the subject of the next subsection. 



5.3 Exponentially weighted estimates and bounds on spectral 
projections 

Let us recall the reference operators 

Pd = Pe + ieK and Pr = Pe + ieCxd, C > 1, (5.77) 

introduced in fl5.60p and (15.621) . In the present subsection, as in Proposition 5.3, we 
shall let 2; G C vary in the domain 
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e ' 








+ is 




c. 



e e 



C> 1, 



(5.78) 



where we recall that e here can be chosen so that e ^ for any small 5 > 0. Let us 
assume that 

dist(;2, Spec(Prf) U Spec(P^)) > ^(/i), (5.79) 
where, as in Proposition 5.3, we take 

for some arbitrarily large but fixed A^^o > 2. We know from (I5.59P that {Pd — z)~^ 
enjoys polynomial upper bounds as a bounded operator on H^As), while Proposition 
5.4 provides an exponential estimate for the resolvent of Pr- 



Next we shall introduce a reference operator associated with the elliptic region, where 
iReP^I is bounded away from zero. To this end, let ip G C(f (A^; [0, 1]) be such that 
-0 = 1 in a region where jReP^I < 1/(9(1), and assume that ip vanishes outside of a 
slightly larger region of the same form. When C ^ 1 and z varies in the domain 05.781) . 
we see that the operator 

P, + ieCi) - z : H{K,) H{A,) (5.80) 

is invertible, with 

(P, + leCij - z)-' = ^ : H{A,) ^ H{A,). (5.81) 

Let us consider a smooth partition of unity on the manifold A^, 

l = Xr + Xd + Xo- (5.82) 

Here < Xr ^ Ccfl^e! [O5I]) is = 1 near Ai,, and suppXr is contained in a small 
but fixed neighborhood of this set. The function Xd G C^(Ae;[0, 1]) is = 1 near 
suppxd? while Xo ^ C^^A;,] [0, 1]) is such that suppxo is contained in a region where 
iRePgl > 1/0(1) and Xo = 1 further away from the region where |RePe| is small. We 
furthermore arrange so that the functions ip and xo have disjoint supports. 

Recall that z e P^ in (15.781) satisfies fl5.79p . As an approximation to the inverse of 

— z, we consider 

Roiz) = (Pr - z)-' Xr + (Pd - z)-' Xd + (Pe + ^^C^ - z)'^ Xo- (5.83) 
Using the definitions fl5.60p and (15.621) of the operators Pd and Pr, we see that 

(Pe - z) Roiz) = 1 + L, (5.84) 

where 

L = -ieCxd (Pr - Xr - ieK (P^ - z)~^ Xd - ieCip (P^ + ieCtp - z)'^ xo- (5.85) 
The key step will consist of establishing the following result. 
Proposition 5.5 

L = 0{e-^ : E{A,) E{A,), (5.86) 

jor some C > 0. 

When proving Proposition 5.5, we shall introduce additional modifications of the ex- 
ponential weight corresponding to the IR-manifold A^. The various modifications of 
the weight will take place only in regions away from a small neighborhood of rational 
torus Ai^^. 



We start by considering the term 



Li = -leCxd (Pr - z)-' Xr ■■ ^(Ae) ^ ^^(A.), (5.87) 

occurring in fl5.85p . and notice that the compact sets suppxcz and suppXr are disjoint. 
From fl5.29p let us recall that away from Ai^^ C A^, we have 

^TiAs) = {(x,0 e T*C';^= , (5.88) 

with $^ - $0 = 0{e) and V ($e - $o) = 0{e), %{x) = (l/2)(Imx)2. Here, as usual, 

K-Tiy,v) = (y - ^v^v) = i^^O- (5-89) 

In the following discussion, we shall often identify an open set f2 C A^ whose closure is 
away from Ai^^, with tTx {kt{^)) C C^. Here tt^ : T*C^ is the natural projection 

given by 7rx{x,^) = x. Correspondingly, a function F : Q ^ C may be identified with 
F o (tt^ o kt)"^ : ^ C. 

Let us recall from the introduction that we assume, for simplicity of the exposition 
only, that the tori Aj^a, j = 1, 2 and Ai^,, belong to the same open edge of J in (11. lip 
so that (I1.39P holds. Let Aj^d C A^, j = 1, 2, be "intermediate" Diophantine tori 
belonging to the same open edge of J as Aj^d and Ai^^, away from suppx^, with 

Ai,d < Ai,rf < Ai,^, Ai,^ < A2,d < A2,d. 

Here, in order to simplify the notation, we are identifying the real tori Aj^^ C p~^(0)nR'* 
with their images in A^, by means of the canonical transformation exp (ieHcj,) ■ R"^ 
Ag — see also (15.150 . We shall introduce a new weig ht G G C^{C^) supported m a 
region where jRePgl < 1/(9(1), such that G = in a fixed neighborhood of suppxr, 
while G = —1] < in a fixed neighborhood of suppxd- Here 77 > is very small 
but fixed and we shall have |VG| ^ 1, |V^G| ^ 1 everywhere. Moreover, G will be 
chosen so that, when restricting the attention to the region where |RePe| < 1/(9(1), the 
support of VG is contained in a sufficiently small but fixed neighborhood of Ai^^U A2,d. 

We shall now define G near Aj^^, say, when j = 1. When doing so, take a smooth 
canonical diffeomorphism 

K : neigh(Ai,rf, A,) ^ neigh(e = 0, T*T^), (5.90) 

mapping Ai^d to the zero section in T*T^ and obtained by composing the action- 
angle canonical transformation near the real torus with the holomorphic transformation 
exp {—ieHcj,)- Composing in (13. ip with we obtain a new symbol, still denoted 
by Ps, defined near the zero section ,^ = in T*T^, which is of the form 

Pe{x, = PiO + ^e{q)T{x, + OT{e'). (5.91) 

Here, as already observed in the beginning of subsection 5.2, we take T > sufficiently 
large but fixed, so that {q)T{x,C,) avoids the value Fq in this region. In view of the 



implicit function theorem, we may assume that the energy surface p ^(0) is given by 
an equation 

6 = /(ei), \^i\<a, 0<a«l, (5.92) 

where the analytic function / satisfies /(O) = 0, /'(O) 7^ 0. 

When defining the weight G near ^ = we shall require that it should be constant 
on each invariant torus ^ = Const. In doing so, we shall first define G on p~^{0), and 
to that end we introduce the tori C p~^(0), < a, given by ^1 = /i, ^2 = /(/^)- In 
order to fix the ideas, let us assume that when /x < 0, then the tori (A^) satisfy 

Ai,d < (A^) < Ai,^, 

and for yU > 0, we have 

Ai,rf < (A^) < Ai,rf. 

When 5 > is very small but fixed, we then let Go = G'o(^i) G C°°([— a, a]; [0,5]) 
be increasing and such that Go = near —a. Go = 6 near a, and with G'q having a 
compact support in a small neighborhood of ^1 = 0. Taking 6 > small enough, we 
achieve that |Gq| <^ 1 and |Gq| <^ 1. Setting G(^i,/(^i)) = —Go{^i), we see that we 
have defined G on p~^{0). We then extend G suitably to a full neighborhood of = 
in so that it still depends on ^ only and |VG| <^ 1 is different from zero only in a 
small neighborhood of ^ = 0. 

Introduce next the IR-manifold 

(t*t2)^ = {(x + zG^(0,0; (x,0eT*T2}, (5.93) 

defined in a complex neighborhood of the zero section = 0. Then the imaginary part 
of the symbol of Pe in fl5.9ip . along (T*T^)^, still avoids the value eFq. 

Similarly, working in the action-angle variables, we define G = G(^) in a neighbor- 
hood of the Diophantine torus A2,d- It is then clear that we can define the new global 
IR-manifold A^ C so that near Ai,d, it is given by ((T*T^)g), and away from 
Ai d U A2,d U Ai^r, we define A^ so that the representation 

(a,) = Aj^ 

holds true. Here $£ — $e G C(f (C^) and its gradient is supported in a small neighbor- 
hood of Ai^dUA2.(i, when restricting the attention to the region where |RePe| < 1/(9(1). 
We have $e = — in a fixed neighborhood of supp Xd, while A^ = A^ near Ai^r- 

The discussion above is summarized in the following proposition. 

Lemma 5.6 There exists an IR-manifold A^ C T*C^ which coincides with A^ near 
Ai^r, such that away from Ai^r, after applying the canonical transformation kt, defined 
in (15.891) . so that A^ becomes A^^, with 

$, = $0 + 0(6), $o(x) = 2^. 



becomes , where $e — $e is compactly supported and for some rj > small enough 
but fixed we have $e = — r/ near {kt (supp Xd))- Furthermore, 

and the resolvent bounds fl5.59p and (I5.76P hold true in the sense of bounded linear 
operators on //(Ag). 

It is now easy to estimate the norm of the term fl5.87p as a bounded operator on H{K^). 
First notice that 

Xr = 0(1) : HiA,) -> i7(A,), 

where we use, as before, the Toephtz quantization of Xr on the FBI-Bargmann side. 
Combining this with Proposition 5.4 and Lemma 5.6, we get 

(P, - zy' Xr = ^exp (^O log : H{A,) ^ H{K). (5.94) 

Now supp Xd is contained in a region where — = —rj < and hence, 

Xd = (e"^) : H{A,) H{A,). (5.95) 

Here Xd is quantized as a Toephtz operator in the weighted space Hq,^, by working 
on the transform side. Using (15.940 and (I5.95P together with the upper bound e = 
0{h'^/^+^), 5 > 0, we conclude that 

Ll = -teCXd (Pr - Z)-' Xr = O (e-l/<5hj . ^ ^^^^^^ ^ > q_ (5_gg) 

When estimating the operator norm of the expression 

L2 = -leK {Pd - z)-' Xd : H{A,) ^ if (A,), (5.97) 

we argue similarly and introduce a weak but /;,- independent weight, supported in a 
region where |RePe| < 1/(9(1), which is equal to a very small strictly positive constant 
> in a fixed neighborhood of supp Xd- We then obtain a new microlocally weighted 
space -fi(Ae) associated to an IR-manifold A^ defined similarly to A^, such that if 
K-riAs) = Aj^, then = $£ + r], < ^ 1, in a fixed neighborhood of suppx^. Then 

Xd = (e"^) : H{A,) H{K), (5.98) 

and combining this estimate together with the fact that K = 0{1) : H(A^) H(Ai;) 
and with Lemma 5.6, we infer that 



L2 = -leK (P, -z)-'xd = (e-c^) : H{A,) H{A,), C> 0. 



(5.99) 



To finish the proof of Proposition 5.5, we only need to estimate the norm of the 
operator 

L3 = leCij (P, + leCiP - z)-^ xo : HiA,) ^ H{A,), (5.100) 

and this requires an introduction of a new weight on the FBI-Bargmann transform side, 
that we shall still denote by G. We take G G C^{C'^) with |VG| < 1, IV^G] < 1, 
such that G = in a fixed neighborhood of supp ip. We shall furthermore choose G so 
that it is equal to a very small but strictly positive constant in a fixed neighborhood of 
suppxo) cind hence in a neighborhood of infinity. Here we may recall that the support 
of Xo does not intersect the compact set supp-?/'- We also choose G so that the support 
of VG is contained in a thin domain included in a region where iReP^I > 1/(9(1). It 
is then easy to see that 

L, = (e-i/^'^) : HiA,) ^ H{A,), C> 0, (5.101) 

and combining this estimate together with fl5.96p . (15.991) . and (15.851) . we complete the 
proof of Proposition 5.5. 

Combining Proposition 5.5 with (15.841) we see that for z satisfying (15.791) . the ope- 
rator — z : H{Ai;) H{Ai;) is invertible, with 

{P,-z)-' = Ro{z){l + L)-\ (5.102) 

Writing (1 + L)''^ = 1 - (1 + L)-^L we get 

(P, - z)-' = Ro{z) - Ro{z) (1 + L)-' L. (5.103) 

Let now 7 be a simple positively oriented closed C^-contour contained in the domain 
(I5.78p . of length 0{e), such that fl5.79p holds for each z along 7. Let 

n = --^ ! (P, - z)-^ dz (5.104) 

be the spectral projection of P^ associated to the spectrum of Pg inside 7. The finite- 
dimensional space n(if(Ae)) is spanned by the generalized eigenfunctions of P^ corre- 
sponding to the eigenvalues of P^ in the interior of 7. Define also 

^o = -7^ [ Ro{z)dz, (5.105) 

and notice that the last term in the right hand side of (I5.83P does not contribute to 
the integral in (15.1050 . since (P^ + ieCip — z)~^ is holomorphic in 2; G Rs- Let us 
also introduce the finite-dimensional space E C H{Ag) spanned by the generalized 
eigenfunctions of the operators Pa and P^, corresponding to their spectra inside 7. 
Notice that the range of Uq in (15.1050 is contained in E. 
Now (15.1031) gives that 

n = Ho + / Po(^) (1 + L)-^ L dz, (5.106) 
27r« J 



and combining Proposition 5.3, Proposition 5.4 and Proposition 5.5 together with the 
fact that e = O (/i^/^^*^), 5 > 0, we see that the operator norm of the contour integral 
in the right hand side of fl5.106p . is 0(exp {—1/Ch)), for some C > 0. In particular, if 
u G H{A^), II M II = 1, belongs to the range of 11, then 



Using the basic properties of the non-symmetric distance between two closed subspaces 
of a Hilbert space, introduced and studied in [TT] (see also [1]), we conclude that 

dimn(/7(A^)) < dimE. (5.107) 
When proving the opposite inequality, we write, using (15.831) . 

Ho = UrXr + ^dXd, 



where 



and 



satisfies 



^'^~2m (^^-^)"'^^ = ^(7^) ■■H{K)^H{K), (5.10J 



= — ^— I {Pr - zY^ dz (5.109) 



3/2 \ I 



Yir = exp \ [j^j log -J : if (A,) ^ H{X,). (5.110) 

Here we have also used Propositions 5.3 and 5.4. 

Let M G -E be a normalized generalized eigenfunction of, say, P^, corresponding to 
an eigenvalue of this operator inside 7. Then using exponentially weighted estimates, 
in the same way as in the proof of Proposition 5.5, together with fl5.110p and the upper 
bound e = 0{h'^/^^^), we see that 

UrXrU = 0{e-^l^^), C > 0. 

Similarly, we find that Yi^XdU = + OieT^I'^^''), and therefore, 

Hou = u + 0(e-^/^'^). (5.111) 

We get the same conclusion also when u G -E is a normalized generalized eigenfunction 
of P,. 

Let now m G be such that || m || = 1. Using ( 15.1060 and ( 15.11ip . we infer that 

nu = n + 0(e-^/^'^), 

and it follows that the dimension of E does not exceed that of n(if (A^)). This together 
with fl5.107p implies that the spaces n(ii(A£)) and E have the same dimension, and 
from here it is easy to see how to get the full statement of Theorem 1.1. 



6 An application to surfaces of revolution 



The purpose of this section is to illustrate how Theorem 1.1 applies to the case when 
M is an analytic surface of revolution in R^, and 

Pe = -h^ + ieq, (6.1) 

where A is the Laplace-Beltrami operator and q is an analytic function on M. We 
shall consider the same class of surfaces of revolution as in [18] , and begin by recalling 
the assumptions made on M in that paper. 

Let us normalize M so that the xs-axis is its axis of revolution, and parametrize it 
by the cylinder [0, L] x 5\ L > 0, 

[0,L] X 5^ 9 {s,e) ^ (u(s)cose,n(s)sin^,w(s)), (6.2) 

assuming, as we may, that the parameter s is the arclength along the meridians, so 
that {u'{s)Y + {y'{s)Y = 1. In the coordinates (s, 9), the Euclidean metric on M takes 
the form 

g = ds'^ + u^{s)de^. (6.3) 

The functions u and v are assumed to be real analytic on [0,L], and we shall assume 
that for each G N, 

w(2'=)(0)=m(2'^)(L) = 0, 

and that u'{0) = 1, u'{L) = —1. As we recalled in [18], these assumptions guarantee 
the regularity of M at the poles. 

Assume furthermore that M is a simple surface of revolution, in the sense that 
< u{s) has precisely one critical point Sq G (0,L), and that this critical point is a 
non-degenerate maximum, u"{so) < 0. To fix the ideas, we shall assume that /(sq) = 1. 
Notice that Sq corresponds to the equatorial geodesic 7^ C M given hj s = Sq, 9 E . 
This is an elliptic orbit. 

Writing 

T* (M\{(0, 0, v{0)), (0, 0, viL))}) ^ T* ((0, L) x S') , 
and using (16. 3p we see that the leading symbol of Pq = —h'^A on M is given by 

p{s,e,a,e*) = cT' + ^y (6.4) 

Here a and 6* are the dual variables to s and 6, respectively. Since the function p in 
(16. 4p does not depend on 6, it follows that {p, 6*} = 0, and we recover the well-known 
fact that the geodesic flow on M is completely integrable. 

Let E>0 and |F| < E^/^, F ^ 0. Then the set 



Ae,f ■.p = E, 9* = F, 



is an analytic Lagrangian torus contained inside the energy surface p~^{E). Geo- 
metrically, the torus A^; ^' consists of geodesies contained between and intersecting 
tangentially the parallels s±{E, F) on M defined by the equation 

u{s^iE,F)) = ^. 

For -F = 0, the parallels reduce to the two poles and we obtain a torus consisting of a 
family of meridians. The case \F\ = E^l'^ is degenerate and corresponds to the equator 
s = So, traversed with the two different orientations. Writing := Ai^^, we get a 
decomposition as in fll.lip . 

with J = [-1,1], 5 = {±1}. 

In [18], we have derived an explicit expression for the rotation number Lj{Aa) of the 
torus Aa, 7^ a G (—1, 1), 

s+(a) ^ / ^2 \ -1/2 



^i^a) = - ^1-^ ds, u{si{a)) = \a\ . (6.5) 

We are going to assume that the analytic function (—1, 1) 3 a uj{Aa) is not identi- 
cally constant. 

Let a > 0, d > 0. In what follows we shall say that a torus A^ C p^^(l), a G (—1, 1), 
is [a, (i)-Diophantine if the rotation number uj{Aa) satisfies 



u;(Aa) - ^ 



a 

PGZ, gGN. (6.6) 



From the introduction let us also recall that if a torus A^ C p^^(l) is rational, so that 
uj{Aa) = — , with m G Z and n G N relatively prime and m = 0{n), then we define 
the height of uj^Aa) as k{u{Aa)) = \m\ + \n\. 

Let q = q{s, 6) be a real- valued analytic function on M which we shall view as a function 
on T*M. Associated to each a G J, we introduce the compact interval Qoo(Aa) C R 
defined as in (11.151) . We also define an analytic function 

(-1,1) (g)(A,), 

obtained by averaging q over the invariant tori A^. Assume that a i— {q){Aa) is not 
identically constant. From the introduction, let us recall that as a ao G 5, the set 
of the accumulation points of (g)(Aa) is contained in Qoo(Aao)- 

Following [18], we now come to introduce uniformly good values in R, for which the 
conclusion of Theorem 1.1 will be valid uniformly. In doing so, let us notice that the 
following discussion is not restricted to the case of surfaces of revolution. 

Let d > he fixed. Given a, /3, 7 > we say that Fq G R is (a, /?, 7)-good if the 
following conditions hold: 



• Fq is not in the union of all Qooi^a) with dist(Aa, S) < a. 

• If Fq E Qooi^a) and uj{Aa) ^ Q then is (a, (i)-Diophantine and \da{q){Aa)\ > 
a. 

• If Fo G Qoo(Aa) and cj(AJ G Q then k{uj{Aa)) = 0{^), |4cj(AJ| > a, and 
\Fo-{q){Aa)\>a. 

• Let {q)-\Fo) = {Aa,,d, . . . A«^,4, cu(A«^,rf) ^ Q, 1 < j < L, and Fq G Qoo(Aa,,,), 
uj{Aa^^r) ^ Q; J = 1; • • • Then the distance in R from Fq to the union 

U Qoo(A,) 
AaGJ;distj(A„,(u}'^iA„^,,d)u(u^liA„j^,,.))>/3 

is > 7. 

Remark. This definition of an (a, /3, 7)-good value is less restrictive than in our pre- 
vious work [18], since we now allow such a value Fq to belong to an interval Qoo{Aa) 
corresponding to a rational torus satisfying the isoenergetic condition, provided that 
Fq is not too close to the torus average (g)(Aa). 

In the following proposition we shall make use of the fact, observed in the intro- 
duction, that in the case when the subprincipal symbol of Pe=o in (11 .Op vanishes, the 
validity of Theorem 1.1 extends to the range h'^ <^ e = Oih?/^^^). 



Proposition 6.1 Assume that M is a simple analytic surface of revolution with a 
parametrization (16.21) . for which the rotation number u!{Aa) defined in (16. 5p is not 
identically constant. Consider an operator of the form = —h'^A + ieq, where q is a 
real valued analytic function on M, such that the torus averages function a ^ (g) (A^) 
is not identically constant. Let a, (3, 'y > 0, and fix < 6 1. There exists C > 
such that if Fq is {a, P,'y)-good, < h < ^, and h'^/C < e < h'^^^^^ , then Theorem 1.1 
applies uniformly to describe the spectrum of in the rectangle 



e e 

"c'c 



+ is 



Fo - —,Fq + — 



Remark, li e = h., then the operator in Proposition 6.1 is a semi classical version of 
the stationary damped wave operator [20], [29], [T3] . 

Remark. In the corresponding discussion in subsection 7.2 of [H], it has been assumed 
that the complex perturbation q in Proposition 6.1 is close to a rotationally symmetric 
one. This additional assumption has now been removed, thanks to Theorem 1.1, at 
the expense of weakening the final result and restricting the bounds on the strength e 
of the non-selfadjoint perturbation. 



A Trace class estimates for Toeplitz operators 



The purpose of this appendix is to derive a simple estimate on the trace class norm of 
a Toeplitz operator with a compactly supported smooth symbol acting in a weighted 
L^-space of holomorphic functions on C". Indeed, the result will be seen to be a 
straightforward consequence of the analysis of |24j . 

Let $0(2^) be a real quadratic form on C" and assume that $0 is strictly plurisub- 
harmonic. (In what follows we may think of the special case when ^o{x) = |(Imx)^.) 
Let 



H^, := Hol(C") n L2(C"; e~^L{dx)), (A.l) 

where L(dx) is the Lebesgue measure on C" = R^" and 1101(0*^) is the space of 
entire holomorphic functions on C"". Then H^^ is a closed subspace of the space 
L||^ := L'^{C"'] e~~f^ L{dx)), and from [24jwe recall the following expression for the 
orthogonal projection : — > Hq,^ 



U^M^) = e^'^o(-'^)7i(y)e-t*ofe) L{dy), (A.2) 

where the constant C is real and ipo{x,y) is the unique quadratic form on x 
which is holomorphic in x, anti-holomorphic in y, and satisfies 

= %ix)- (A.3) 

In the case when $o(a;) = |(Imx)^, we have ipQ{x,y) = — y^. 

Now let $ e C°°(C"; R) be such that $ - $0 is bounded and sup ||| - ^| small 
enough. Assume also that V'^^* is bounded for each k > 2 and that $ is uniformly 
strictly plurisubharmonic, so that the set 

A^= S(x,-^{x)];x ecA (A.4) 



^ i dx ^ 

is an IR-manifold. Associated with the weight $ we have the orthogonal projection 

n$ : L| ^ H^, (A.5) 

where L| = L^C"; L{dx)) and = Hol(C") n L|. If now p e Co~(C"), we 
introduce the corresponding Toeplitz operator 

Top(p) = n$pn$ = C(l) : H^. (A.6) 

Our goal is to show that Top(p) is of trace class as an operator on and to estimate 
its trace class norm. In doing so, it is convenient to recall from [24] the asymptotic 
description of the Bergman projection 11$, as h 0. 

Let ip{x,y) G C°°(C" x C^) be almost holomorphic in x and almost anti-holomor- 
phic in y at the diagonal diag(C" x C^), such that V^ip is bounded on C^" for each 
k>2 and with 

il){x,x) = ^{x). (A.7) 



Then we know that 



^{x) + ^{y) - 2Reilj{x,y) \x - yf , (A. 



uniformly for |a; — ?/| < 1/C, for C > large enough. 

It follows from [21] that there exists f{x,y; h) ~ Y.T=o fji.x^y)h^ in C^^IC^"), with 
supp/ C {(x, y); \x — y\ < 1/C}, C ^ 1, with /(x, x; h) real, 1/C < /o(x, x) < C, and 
with 

d^J = 0{\x-yr + h^), (A.9) 

such that if 
then 

n$ = n$ + i?. (A.ii) 

Here 

R = e^Re-^, (A.12) 

where i? is a negligible integral operator in the sense of section 3 of [2^. In particular, 
it follows from [21] that R = 0{h°°) : L| L|. It follows furthermore from the 
results of Section 3 of [21] that the operators Rp and pR are of trace class as operators 
L|, with the trace class norm 0{h'^). 
When estimating the trace class norm of Top(p) on H<s>, we may therefore replace 11$ 
by n$, and consider the corresponding operator Top(p) = n$pn$. The factorization 

ibp(p) = (n$pi) (p2n$) , (A.13) 

1 1 /2 

where p = piP2 and p2 = \p\ , shows that it suffices to prove that the operators 
n<i,pi : L| — > and p2^<i> '■ Hq> L\ are of Hilbert-Schmidt class. Now the reduced 
kernel of n$pi, in view of flA.lOp . is equal to 



^/(x,2/;%i(l/)e-^etW^.^)-*(^))e^, (A.14) 



and using also flA.81) we immediately see that the square of its L^-norm over C^" is 
bounded by 

^^^^ \p{y)\e~'^\''~'\"'^L{dy)L{dx) = ^\\p\U., c> 0. (A.15) 



It follows that n$pi : L\ —>■ is of Hilbert-Schmidt class with 

l|n*PillHs = ^||p|li('. (A.16) 
Since a similar argument applies to P2n$, we get the following result. 



Proposition A.l When $ G C°°(C";R) is a strictly plurisubharmonic function sa- 
tisfying the general assumptions of the beginning of this section, let 11$ : L|, — * 
be the orthogonal projection. If p E C^(C"), then the Toeplitz operator Top(p) = 
n$pn$ : — > is of trace class and we have 

II Top(p) lltr < ^IIpIIli + 0{h^), (A.17) 

where the implicit constant in 0{h'^) is a continuous seminorm of p on the Schwartz 
space 5(C"). 

Remark. Rather than working on all of C", we could also consider an open domain 
fl C C", with p G C^{Q). Then Proposition A.l remains valid if we replace by Q 
in flA.ll) . with 11$ still being the orthogonal projection on all of C". In the main text, 
we work on His>{Q), where Q C C"'/27rZ" is open, and Proposition A.l then still holds. 
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